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We present a technique for enhancing the estimation of quantum state properties by incorporating
approximate prior knowledge about the quantum state. This consists in performing randomized measure-
ments on a quantum processor and comparing the results with those obtained from a classical computer
that stores an approximation of the quantum state. We provide unbiased estimators for expectation values
of multicopy observables and present performance guarantees in terms of variance bounds that depend
on the prior knowledge accuracy. We demonstrate the effectiveness of our approach through experimental
and numerical examples detecting mixed-state entanglement, and estimating polynomial approximations
of the von Neumann entropy and state fidelities.
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I. INTRODUCTION

Classical shadows [1] are a key element in the ran-
domized measurement (RM) toolbox [2–11]. Previous RM
protocols [2,5,12,13] focused on estimating quantum state
properties expressible as polynomial functions of a den-
sity matrix ρ. Classical shadows enable efficient access
to the expectation values Tr(Oρ) of few-body observ-
ables O. This is particularly important for the variational
quantum eigensolver algorithm, which typically requires
the measurement of a local Hamiltonian [14,15]. More
generally, classical shadows provide access to multicopy
observables (MCOs) Tr(Oρ⊗n) (n ≥ 1). Many physical
properties, such as Rényi entropies and partial-transpose
moments related to a mixed state and entanglement, can be
represented as MCOs [16–19]. MCOs also yield bounds
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on the quantum Fisher information [20–23] and other
entanglement detection quantities [24–26] and naturally
connect to error mitigation [27,28]. With use of RMs,
MCOs have been measured in various recent experiments
[8,12,16,17,21,25,28–33] (see also Refs. [10,11]).

A central question for RMs concerns minimizing the
number of measurements required to maintain statistical
errors at a certain level. While numerous studies have
addressed statistical error reduction in classical shadows
for single-copy observables [34–39], optimized methods
for reducing statistical errors are especially vital for gen-
eral MCOs, where the required number of measurements
typically scales exponentially with (sub)system size [10].
In this work, we propose a framework for enhancing esti-
mations, i.e., reducing statistical errors, for general MCOs
by incorporating approximate knowledge of the quantum
state of interest. This is relevant for estimating linear
(n = 1) and nonlinear (n > 1) observables with reduced
statistical errors.

Our approach is based on common random numbers
[40]. Suppose we aim to estimate the expectation value
E[X ] of a random variable X . If we estimate E[X ] by
averaging over multiple samples Xi, the statistical error
is quantified by the variance V[X ]. Now assume that we
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have access to a random variable Y, strongly correlated
with X [41], whose average value E[Y] is known. We
can estimate E[X ] with reduced variance V[X − Y] <
V[X ] by averaging the random variable X − Y + E[Y]
over commonly sampled variables Xi and Yi.

Here we introduce common randomized measurements
(CRMs). Our starting point is (standard) RMs that have
been experimentally performed on a quantum state ρ [10].
To enhance the estimation of (multicopy) observables, we
use (approximate) knowledge of the experimental state ρ,
provided in the form of a classically representable approx-
imation σ , during the classical postprocessing stage. Here
σ can be derived from approximate theoretical modeling
of the experiment or from data obtained in companion
experiments. CRMs are realized by simulating classically
RMs on σ using the same random unitaries as applied
in the experiment. If ρ and σ are sufficiently close, the
results of experimentally realized (on ρ) and simulated
(on σ ) RMs will be strongly correlated. Then we can con-
struct powerful CRM estimators for MCOs with reduced
statistical error compared with the “standard” classical
shadow approach. Our protocol is presented schematically
in Fig. 1, together with an illustration for entanglement
detection using the experimental data from Ref. [29]; see
below for details.

To demonstrate the power of our approach, we present
analytical variance bounds based on combining results
on MCO [22,25] and multishot [28,42,43] shadow esti-
mations, as well as two numerical examples. We note
that the approximated state σ is typically available in
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FIG. 1. Common randomized measurements. (a) Experimen-
tal data from RMs on a quantum state ρ are combined with data
from simulated RMs on classical approximations σ to form CRM
shadows ρ̂(r)σ for enhanced property prediction. (b) Enhanced
entanglement detection via the p3 positive partial transpose con-
dition (p3-PPT) condition [16] in a many-body quantum state
using experimental data from Ref. [29] (with quench time t = 1
ms). A value greater than unity indicates bipartite entangle-
ment between two partitions A = [1, 2] and B = [3, 4] in a total
system with ten qubits. This can be achieved with a statisti-
cal accuracy of 1 standard deviation (shaded areas) with only
NU ≈ 50 random unitaries with use of CRM shadows compared
with NU ≈ 300 with use of standard classical shadows (vertical
dashed lines).

noisy intermediate scale quantum devices via approximate
classical simulations. As shown below, σ can, for instance,
be obtained from tensor network simulations; see also,
e.g., Ref. [44] in the context of simulating large quantum
computers.

II. THE COMMON RANDOMIZED
MEASUREMENT FRAMEWORK

In this section, we present our formalism. We start by
reviewing randomized measurements and classical shad-
ows, and then move on to the idea of common randomized
measurements. Finally, we discuss statistical errors, in
comparison with statistical errors in previous methods.

A. Background on randomized measurements and
classical shadows

Classical shadows [1] are classical snapshots of a quan-
tum state that can be constructed efficiently from the exper-
imental data acquired through RMs [10]. For concreteness,
we consider a system of N qubits described by a density
matrix ρ. RMs are generated by application of a random
unitary U on ρ, sampled from a suitable ensemble (speci-
fied below). After application of the unitary U, a projective
measurement on the rotated state UρU† is performed in
the computational basis |s〉 = |s1, . . . , sN 〉, with si ∈ 0, 1.
We assume that a total of NUNM such RMs are performed,
with NU denoting the number of sampled random uni-
taries U(r) and NM representing the number of projective
measurements per random unitary. The measurement data
thus consist of NUNM bitstrings, which we label as s(r,b) =
(s(r,b)

1 , . . . , s(r,b)
N ), for r = 1, . . . , NU and b = 1, . . . , NM .

One can then construct NU “standard” classical shadows

ρ̂(r) =
∑

s

P̂ρ(s|U(r))M−1
(

U(r)† |s〉 〈s| U(r)
)

, (1)

with r = 1, . . . , NU and P̂ρ(s|U(r)) =∑b δs,s(r,b)/NM denot-
ing the experimentally estimated outcome probabili-
ties of computational basis measurements performed on
U(r)ρU(r)†. The inverse shadow channel M−1 is con-
structed such that, given the distribution of U, ρ̂(r) is an
unbiased estimator of ρ, i.e., E[ρ̂(r)] = EUEQM[ρ̂(r)] =
ρ [1]. Here EU denotes the average over U and EQM
denotes the quantum mechanical expectation value (for
a given U). While our construction of CRM shad-
ows applies to any type of RM setting, we con-
sider in the following examples Pauli measurements
using U =⊗N

i=1 Ui where each Ui is uniformly sam-

pled in
{
12, 1/

√
2
(

1 1
1 −1

)
, 1/

√
2
( 1 −i

1 +i

)}
, so that U†

i ZUi =
Z, X , Y, respectively (with Z, X , and Y being the
Pauli matrices). The corresponding inverse channel
M−1(

⊗
i Oi) =⊗i(3Oi − Tr(Oi)12) [1].
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B. Common randomized measurements

Our central idea is to construct classical shadows that
incorporate (approximate) knowledge of the state ρ in the
form of some classically representable approximation σ .
We assume that σ is Hermitian but not necessarily positive
semidefinite or trace one and call it a “pseudostate” for this
reason. We propose building CRM shadows as

ρ̂(r)σ = ρ̂(r) − σ (r) + σ , (2)

where σ (r) is constructed from σ as

σ (r) =
∑

s

Pσ (s|U(r))M−1
(

U(r)† |s〉 〈s| U(r)
)

, (3)

with Pσ (s|U(r)) = 〈s|U(r)σU(r)†|s〉 being the exact theo-
retical outcome probabilities of (fictitious) computational
basis measurements on the pseudostate U(r)σU(r)†—i.e.,
after σ is rotated by the same unitary U(r) that has been
applied in the experiment. Using the definition of the
inverse shadow channel [1], we find E[σ (r)] = EU[σ (r)] =
σ . Thus, ρ̂(r)σ is an unbiased estimator of ρ, as E[ρ̂(r)σ ] =
ρ − σ + σ = ρ, irrespective of the choice of σ . Crucially,
the data acquisition is independent of σ , which enters only
during postprocessing. In particular, an optimal σ can be
chosen after the experiment, for instance, if a new or more
accurate theoretical modeling of the experiment becomes
available.

The power of CRM shadows can be intuitively under-
stood in the limit NM 	 1. Then, if ρ ≈ σ , ρ̂(r) ≈ ρ(r)

and σ (r) are strongly positively correlated since they share
a common source of randomness (the matrix elements
of the random unitary U(r)). Consequently, the variances
of the matrix elements of ρ̂(r) − σ (r) are smaller than
those of ρ̂(r). Below, we turn this intuition into rigorous
performance guarantees.

We note that constructing σ (r) incurs overhead in terms
of postprocessing compared with standard shadow esti-
mations. However, as we show below, this step can be
efficiently executed (in terms of both time and memory)
using suitable representations, such as tensor networks
[45]. Moreover, instead of using a theoretical state σ , one
can build σ from classical shadows obtained from a com-
panion experiment that produces a state σ close to ρ.
This idea is presented in Appendix A, where we present
expressions for CRM shadows that are built from the data
associated with both ρ and σ and that allow unbiased MCO
estimations for ρ.

C. Estimation of Pauli observables

We first consider estimators Ô = 1/NU
∑NU

r=1 Tr
(
Oρ̂(r)σ
)

of expectation values Tr(Oρ) of (single-copy) Pauli
observables O =⊗N

i=1 Oi where each Oi ∈ {12, X , Y, Z} is

a Pauli matrix. As shown in Appendix C, we find for the
variance of Ô,

V[Ô] ≤ 3NA

NU

(
Tr[O(ρ − σ)]2 + 1

NM

)
, (4)

where NA denotes the size of the support of O (i.e., of the
set A of qubits i where Oi �= 12). With standard shadows,
the same expression applies after replacement of σ by 0,
and our bound is consistent with Theorem 2 in Ref. [42].
This result demonstrates the power of CRMs: statistical
errors in estimations with classical shadows originate from
the finite values of NU and NM . With CRMs, we can signif-
icantly decrease the former such that, for any value of NM ,
the variance given by CRM shadows is smaller than the
variance given by standard shadows if |Tr[O(ρ − σ)]| ≤
|Tr(Oρ)|. The fact that CRM shadows are useful to reduce
the variance associated with finite NU is highly relevant
in experiments with significant calibration times such as
experiments involving trapped ions [29] or superconduct-
ing qubits [32]. Here NU is limited, while the value of NM
can typically be taken to be large.

D. Estimation of multicopy observables

Expectation values Tr(Oρ⊗n) of MCOs can be estimated
with (CRM) shadows with use of U statistics [1,16]. Here
we use the method of “batch shadows” [25], which reduces
the data processing time: For an integer m ≥ n, m batch
shadows ρ̂[t]

σ , t = 1, . . . , m, are formed by averaging m dis-
tinct groups of NU/m shadows ρ̂(r)σ (see Appendix B). We
then define an estimator Ô of Tr(Oρ⊗n) as

Ô = (m − n)!
m!

∑

t1 �=···�=tn

Tr
[
O
(
ρ̂[t1]
σ ⊗ · · · ⊗ ρ̂[tn]

σ

)]
. (5)

Since the batch shadows ρ̂[ti]
σ are statistically indepen-

dent, and E[ρ̂[ti]
σ ] = ρ, E[Ô] = Tr(Oρ⊗n). As derived in

Appendix C, the variance of Ô is bounded by

V[Ô] ≤ n2||O(1)
A ||22

NU

(
3NA ||ρA − σA||22 + 2NA

NM

)
+O
(

1
N 2

U

)
,

(6)

where || · ||2 =
√

Tr[(·)2] is the Hilbert-Schmidt norm and
the support A = supp(O) of O denotes a subset of NA
qubits on which the MCO O acts nontrivially in at least
one of the copies. Also, ρA = TrĀ(ρ) and σA = TrĀ(σ ),
where Ā is the complementary subset to A, are reduced
density matrices and O(1)

A is an operator that acts on (n
copies of) A while depending on O and in general on
ρ. This represents a key result of our work: provided
that ||ρA − σA||22 � ||ρA||22 and NM 	 (2/3)NA ||ρA||−2

2 , the
required number of unitaries NU is significantly reduced
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compared with the number required with standard shad-
ows [Eq. (6) with σ → 0]. Finally, we note that Eq. (6)
is independent of m and hence also applies to the case of
the “original” multicopy estimators [1,16], obtained with
m = NU; see Appendixes B and C.

III. APPLICATIONS OF COMMON RANDOMIZED
MEASUREMENTS

We now present various applications of CRMs that will
illustrate their practical utility for accessing quantities with
reduced measurement effort.

A. Enhanced experimental entanglement detection

We first illustrate the practical aspects of our method
using existing experimental data [29]. In the related exper-
iments, quantum quench dynamics were studied in a ten-
qubit trapped-ion quantum simulator. Randomized mea-
surements, implemented with NU = 500 random unitaires
and NM = 150 measurements per unitary, were used to
detect the generation of bipartite entanglement during the
dynamics [16,29].

To model this experiment, unitary dynamics simulations
providing some state σ = |ψ〉 〈ψ | are available [29], and
can be used here to construct CRM shadows. In the fol-
lowing we show that even though these simulations are
approximate because the experimental state is necessarily
affected by decoherence, the corresponding CRM shadows
allow entanglement detection with far fewer randomized
measurements compared with standard shadows. We focus
on the “p3 positive partial transpose condition (p3-PPT)”
bipartite entanglement condition, p2

2/p3 > 1 [16], where
pn = Tr([ρTA

AB]n) are moments of the partial transpose of
the density matrix ρAB on two subsystems A and B. The
moments pn can be written as MCOs on n copies [46,47]
and can be estimated with classical shadows [16]. To
demonstrate the power of CRM shadows, we consider only
a reduced dataset consisting of data generated in an exper-
iment and classical simulation with the same NU random
unitaries (NM = 150). In Fig. 1(b) we show the corre-
sponding CRM estimates for p2

2/p3 as a function of NU.
Error bars are estimated via jackknife resampling [29] and
are drawn at 1 standard deviation ε. Extracting the value
of NU such that p2

2/p3 − ε > 1, we see that CRM shadows
allow us to certify the presence of entanglement within 1
standard deviation for NU = 53, significantly fewer than
with standard classical shadows, NU = 299. In practical
terms, this means that the required number of measure-
ments to certify entanglement is divided in this case by
approximately 6 (which represents saving hours in data
acquisition).

B. Measuring the von Neumann entropy

To further illustrate the power of CRM shadows in
the context of quantum simulation, we consider now the

estimation of polynomial approximations of the von Neu-
mann entropy S = −Tr(ρA log ρA) of a subsystem A of NA
qubits, using trace moments Pn = Tr[ρn

A]. The von Neu-
mann entropy is an entanglement measure [48] and can
be used to distinguish quantum phases and transitions in
many-body quantum systems [49]. To obtain a polyno-
mial approximation of S, we rewrite S = −∑λ λ log λ
expressed by the eigenvalues λ of ρA and perform a
least-squares function approximation of f (x) = −x log(x)
on in the interval x ∈ (0, 1) using polynomials of the
type fnmax(x) =∑nmax

n=1 an xn. For nmax = 3, we obtain, for
instance, f3(x) = 137x/60 − 4x2 + 7x3/4. We then build

Snmax = Tr
[
fnmax(ρA)

] =
nmax∑

n=1

an Pn. (7)

In Appendix D, we present the analytical expressions for
fnmax and present an upper bound for the convergence error
|Snmax − S|. We note that for the quantum states consid-
ered below as an illustration, our fitting procedure provides
more accurate approximations Snmax compared with other
polynomial interpolations of the same order [50].

To estimate Snmax , we rewrite each Pn as an expecta-
tion value of an MCO [51], namely, Pn = Tr(τ (n)A ρ⊗n

A ),
with the n-copy MCO acting as τ

(n)
A |s(1)A 〉 · · · |s(n)A 〉 =

|s(n)A 〉 |s(1)A 〉 · · · |s(n−1)
A 〉, and use the batch shadow estimator

[Eq. (5)] with m = nmax batches. As shown in Appendix E,
the variance bound Eq. (6) for estimating Pn is evaluated
to O(1)

A = ρn−1
A .

As an illustration, we consider the ground state |G〉 of
the critical Ising chain H = −∑N

i=1 ZiZi+1 + Xi of length
N (Zi and Xi are Pauli matrices at sites i = 1, . . . , N , and
ZN+1 = 0). Since we consider the model at a critical point,
the entanglement entropy S of the reduced density matrix
ρA = TrN/2+1,...,N (|G〉〈G|) of the half partition (with NA =
N/2 qubits) grows as S = c/6 log(NA)+ const, where the
central charge c = 1/2 characterizes the transition’s uni-
versality class [52]. In Fig. 2(a), we represent Snmax as a
function of NA = N/2 for different values of nmax. Here
|G〉 is calculated from the density matrix renormalization
group algorithm [53]. Already for nmax = 3, we observe
the characteristic logarithmic scaling with NA [52], while
nmax = 5 and nmax = 7 provide quantitative agreements
with S.

We now numerically simulate a measurement of Snmax
with “standard” classical and CRM shadows. In our sim-
ulations, the N -qubit ground state |G〉 is expressed with
a matrix product state (MPS) [53] of large bond dimen-
sion χG ≈ 40. We then obtain MPS approximations |ψχ 〉
by truncating |G〉 to much smaller bond dimensions χ =
1, 2, 3. The corresponding reduced state σ of the first N
qubits is a matrix product operator of bond dimension
χ2

G [53]. As χ increases, σ converges to ρ, where we
expect the optimal performances for CRM shadows.

010352-4



ENHANCED ESTIMATION OF QUANTUM. . . PRX QUANTUM 5, 010352 (2024)

(a)

(c)(b)

standard

CRM

FIG. 2. Estimation of the von Neumann entropy in the critical
Ising chain. (a) Approximations Snmax as a function of subsystem
size NA = N/2 for nmax = 3, 5, 7 compared with S. The dashed
line is a guide for the eye proportional to c/6 log(NA), with c =
1/2, the central charge of the Ising universality class [52]. (b)
Statistical relative error E(Ŝ3) = E[|Ŝ3 − S3|]/S3 of estimations
of S3, obtained with use of the standard batch shadow estima-
tion [1,25] (blue) and the CRM method (orange) with σ obtained
from MPS approximations |ψχ 〉 of bond dimensions χ = 1, 2, 3.
(c) Total relative error Etot(Ŝnmax) = E[|Ŝnmax − S|]/S for nmax =
3, 5, 7, and χ = 2. The horizontal line denotes |S3 − S|/S. In
(b),(c), we use NA = N/2 = 8, NM = 1000 is fixed, and we vary
NU. The dashed black lines are guides for the eye proportional
1/

√
NUNM . The average errors are obtained by our averaging

over 20 simulations for (b) and 50 simulations for (c).

In Figs. 2(b) and 2(c) we show the relative statistical
error E(Ŝnmax) = E[|Ŝnmax − Snmax |]/Snmax as a function of
NUNM for nmax = 3, 5, 7. We choose NA = N/2 = 8, use
NM = 1000, and vary NU. In Fig. 2(b), we study the behav-
ior of E(Ŝ3) for χ = 1, 2, 3. For χ = 1, the approximation
σ corresponds to a product state, which is too inaccu-
rate to obtain any improvement with CRM shadows over
standard shadows. For χ = 2, 3, the approximation σχ is
sufficiently accurate to significantly decrease the statisti-
cal errors. In Fig. 2(c), we study the total relative error
Etot(Ŝnmax) = E[|Ŝnmax − S|]/S. This error includes statisti-
cal errors in estimating Snmax , but also the systematic error
|Snmax − S|. For small values of NUNM , where statistical
errors dominate, the error increases with increasing nmax
[which we attribute to the prefactor n2 in the variance
bound Eq. (6)]. For large numbers of measurements, the
error saturates to the systematic error |Snmax − S|/S (visu-
alized here only for nmax = 3, black line), and it becomes
more advantageous to use larger values of nmax.

C. Fidelity estimation

Finally, we discuss a third example that focuses on
single-copy observables (n = 1); specifically, we consider
direct fidelity estimation [54–56]. We aim to estimate
the fidelity Fψ = 〈ψ |ρ|ψ〉 between the prepared quan-
tum state ρ and a pure theoretical state |ψ〉, i.e., O is the
projector O = |ψ〉〈ψ |.

Our motivation for enhanced CRM fidelity estimates is
twofold: Firstly, fidelity estimation allows us to certify the
preparation of a quantum state within a quantum device.
However, while Fψ can be efficiently estimated with (stan-
dard) classical shadows constructed from global Clifford
measurements [1], fidelity estimation can be challenging
with (standard) local RMs due to a potential exponen-
tial scaling of the required number of measurements [1].
Secondly, fidelity estimation can also be used to identify
suitable CRM priors σ for estimating other MCOs: direct
inspection of Eq. (6) reveals that CRM shadows provide
lower variance compared with standard shadows when
Fφ ≥ 1/2 (considering for simplicity an MCO O with full
support (NA = N ) and a pure state prior σ = |φ〉〈φ|).

We propose an iterative procedure to find useful pri-
ors for CRM shadows as follows: (i) Starting with a prior
σ = |φ〉〈φ|, we estimate Fφ using either CRM shadows
ρ̂(r)σ or standard shadows ρ̂(r). The choice can be made dur-
ing postprocessing by comparing empirical variances, as
illustrated in the numerical example below. (ii) If Fφ ≤
F falls below a specific threshold F ≥ 1/2, we define a
new prior, which may involve more classical computa-
tion. We then repeat step (i). Once we have found a prior
σ = |φ〉〈φ| characterized by a sufficiently high fidelity
Fφ , we can perform enhanced estimations on arbitrary
MCOs O. This includes fidelities Fψ to any other quan-
tum state |ψ〉. Performance guarantees are provided by
Eq. (6) with the measured value of Fφ . Importantly, the
entire iterative procedure can be conducted on a single
RM dataset, as the choice of the prior σ is incorpo-
rated only during postprocessing. This is in contrast with
importance sampling methods [54,55], where the choice of
measurement settings for data acquisition depends on the
prior.

As a numerical highlight, we consider a state ρ that is
prepared with a unidimensional random circuit composed
of d alternating layers of single and neighboring two-qubit
Haar-random gates. Each gate is subject to local depo-
larization noise with probability p [57]. We then numeri-
cally simulate the randomized measurements. We consider
CRM priors σ = |φ〉〈φ| as MPSs |φ〉 with bond dimen-
sions χ obtained by our truncating the exact output state
of the noiseless quantum circuit. Note that with these pri-
ors, CRM estimations can be computed in poly(χ) time
in the MPS formalism [53]. As χ increases, the fidelity Fφ

increases, but the computational cost of estimating F̂φ with
CRM shadows also grows.
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(a) (b)

FIG. 3. Fidelity estimation in (noisy) random quantum cir-
cuits. (a) Estimated fidelities F̂φ of the prepared state ρ and the
theoretical prior states σ = |φ〉〈φ| as a function of their bond
dimension χ . Here ρ is a 30-qubit pure state generated from an
ideal noiseless (p = 0) random quantum circuit of depth d = 6
and |φ〉 are obtained by our truncating ρ to bond dimension χ .
(b) Each gate in the circuit is perturbed by local depolarization
noise with strength p resulting in a mixed state ρ. The prior state
σ is the same as in (a). For (a),(b), we compare CRM estimation
(orange dots) with standard shadow estimation (blue dots). We
fix NU = 15 and NM = 105. The error bars are evaluated as stan-
dard errors of the mean over random unitaries. The solid black
lines denote the exact fidelity Fφ . The dashed black lines are
guides for the eye for 0.5 and 1 respectively.

Figure 3 shows F̂φ for a 30-qubit noiseless state [p = 0,
Fig. 3(a)] and noisy state [p = 10−3 and 10−4, Fig. 3(b)],
with error bars calculated as the standard error of the
mean over random unitaries. When χ increases, the esti-
mated fidelity Fφ increases, and the error bars of the CRM
estimations decrease as the CRM shadows become more
accurate. For small χ , the CRM shadows fail to provide
improved estimations and have larger error bars compared
with (standard) classical shadows as seen in Fig. 3(a).
These features are similarly observed in the case of the
noisy experimental state in Fig. 3(b).

IV. CONCLUSION AND OUTLOOK

CRM shadows provide a readily applicable tool to sig-
nificantly enhance the estimation of linear and multicopy
observables. We envision a wide range of applications,
from gradient estimation in variational quantum algo-
rithms [58] to the probing of quantum phases of matter
[59–61]. In addition, CRM shadows can be straightfor-
wardly extended towards the estimation of properties of
quantum processes [62–64].

For future work, it will be interesting to study the poten-
tial benefits of using importance sampling or adaptive
techniques such as the one developed here to access the
purity p2 with RM [65], or methods using auxiliary sys-
tems [66], in addition to our method. In a broader context,
it was recently shown that correlations between quantum
experiments and classical simulations can be used to probe
measurement-induced entanglement phase transitions [67].
It will be intriguing to combine those ideas with CRMs

and investigate more generally how classical simulations
can be used to enhance the learning of model-independent
quantum properties.
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APPENDIX A: BUILDING CRM SHADOWS WITH
A COMPANION EXPERIMENT

In the main text, we assumed that we have a priori
access to a theoretical state σ . We now expand our method
to accommodate a more state-agnostic scenario where no
such theoretical description is available. Instead, we use
data gathered in a companion experiment realizing a quan-
tum state σ to measure an MCO associated with ρ. Our
only requirement is that the state σ represents an approxi-
mation of the state ρ, which we can then use to construct
CRM shadows for ρ. We note that if we could guarantee
σ = ρ, it would likely be more efficient to simply create
independent standard shadows with all available data to
estimate MCOs. However, the scenario we envision is one
where the companion experiment has not precisely imple-
mented ρ. Instead, it has the ability to perform RMs on σ
with a greater number of random unitaries (N ′

U 	 NU) than
in the original experiment implementing ρ. This could be
due to a faster setup or the ability to aggregate data from
multiple prior experiments.

010352-6



ENHANCED ESTIMATION OF QUANTUM. . . PRX QUANTUM 5, 010352 (2024)

To construct CRM shadows for ρ, we proceed as fol-
lows: (i) We construct NU classical shadows ρ̂(r) from the
original experiment with r = 1, . . . , NU. (ii) We construct
NU classical shadows σ̂ (r) from the companion experi-
ment, using the same unitaries U(r) as in the previous step.
(iii) We construct N ′

U additional, independently sampled,
classical shadows σ̂ (r), r = NU + 1, . . . , NU + N ′

U, from
the companion experiment. Note that the time ordering is
not important here. From the data gathered in steps (i), (ii),
and (iii), respectively, we form three sets of t = 1, . . . , m
batch shadows, ρ̂[t] , σ̂ [t], and (σ̂ ′)[t], which we combine as

ρ̂[t]
σ = ρ̂[t] − σ̂ [t] + (σ̂ ′)[t] (A1)

and which satisfy the desired property E[ρ̂[t]
σ ] = ρ . Here E

includes the averaging over the N ′
U additional unitaries of

the companion experiments for the last term in Eq. (A1).
The finite value of N ′

U introduces statistical errors (see the
numerical examples below). In the limit N ′

U 	 1, the CRM
shadows of Eq. (A1) become equivalent to the ones defined
in Eq. (2) [because (σ̂ ′)[t] converges to σ ], and the variance
bound Eq. (6) applies.

In Fig. 4, we show the relative error E(Ŝ3) using CRM
shadows built from the companion experiment, consider-
ing again the example of the critical Ising chain (as in
Fig. 2). We use here m = nmax = 3 batches. We consider
the scenario in which the ground state |G′〉 of a Hamil-
tonian H ′ implemented in the companion experiment
slightly differs from |G〉 by choosing H ′ = H +∑i εiZi,
with εi sampled independently in [0, 0.02]. For N ′

U = 4000
(orange circles), we obtain significant error reduction, but
we also observe a plateau effect that comes from the finite
value of N ′

U. With increasing N ′
U (orange squares), the

plateau’s height is reduced, and we obtain excellent CRM

standard

4.0 × 106

4.0 × 107

CRM

FIG. 4. Estimation of the von Neumann entropy in the critical
Ising chain, (as in Fig. 2), but using CRM shadows built from a
companion experiment. Statistical relative error E(Ŝ3), where the
CRM shadows are formed from a companion experiment with
use of N ′

U additional unitaries (NM = 1000), as in Eq. (A1). Here
we use NA = 6 (N = 12).

estimations compared with standard shadow estimations
for all presented values of NUNM .

APPENDIX B: STATISTICAL ANALYSIS OF CRM
SHADOWS

In this appendix, we provide a general variance bound
for estimating (multicopy) observables with CRM shad-
ows.

1. General variance formula

Here we recapitulate the variance of the batch shadow
estimator Ô, defined in Eq. (5), as derived in Ref. [25] and
adapt it to the case of CRM shadows. The batch shadows
that appear in Eq. (5) are defined as [25]

ρ̂[t]
σ = NU

m

t(NU/m)∑

1+(t−1)(NU/m)

ρ̂(r)σ , (B1)

where the CRM shadows ρ̂(r)σ are defined in Eq. (2). Here
t = 1, . . . , m, with m ≥ n, and we assume for simplicity
that m divides NU. An unbiased estimator of Tr[Oρ⊗n] is
then given by the U statistic of batch shadows [70] (see
also Refs. [1,16]):

Ô = (m − n)!
m!

∑

t1 �=t2 �=···�=tn
ti∈{1,...,m}

Tr
[
O
(
ρ̂[t1]
σ ⊗ ρ̂[t2]

σ ⊗ · · · ⊗ ρ̂[tn]
σ

)]
.

(B2)

As stated in the main text, since the batch shadows ρ̂[ti]
σ are

statistically independent, and E[ρ̂[ti]
σ ] = ρ, it follows that

E[Ô] = Tr(Oρ⊗n) . We mention three relevant limiting
cases for our analysis: For σ = 0, we recover estima-
tions with standard (batch) shadows [25]. For σ = 0 and
m = NU, Ô coincides with the standard shadow estimator
for the MCO presented in Refs. [1,16]. Finally, for linear
observables n = 1, the notion of batch shadows becomes
meaningless as the two averages in Eqs. (B1) and (B2)
can be combined, i.e., the estimation does not depend on
m anymore.

The variance of the batch shadow estimator Ô was cal-
culated in Ref. [25] for the case of “standard classical
shadows.” As this derivation relies only on the condition
E[ρ̂(r)] = ρ, the same result applies for CRM shadows [see
Eq. (C27) in Ref. [25] ]:

V[Ô] =
n∑

�=1

(n
�

)2
(m
�

)
(

m
NU

)� [ �∑

k=1

(
�

k

)
(−1)�−k

Vk

]

= n2

NU
V1 + n2(n − 1)2 m

m−1

2N 2
U

(V2 − 2V1)+ O
( 1

N 3
U

)
,

(B3)
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with

Vk = V

[
Tr

[
Osym

(
k⊗

r=1

ρ̂(r)σ ⊗ ρ⊗(n−k)

)]]

= V

[
Tr

(
O(k)

k⊗

r=1

ρ̂(r)σ

)]
for k = 1, . . . , n,

(B4)

depending on the CRM shadows ρ̂(r)σ . Here we
defined a symmetrized n-copy operator Osym = 1/n!

∑
π∈Sn

W†
πOWπ and its ρ-dependent partial traces O(k) =

Trk+1,...,n
[
Osym
(
1⊗k

2N ⊗ ρ⊗(n−k)
)]

. The operators Wπ are n-
copy permutation operators, with π = (π(1), . . . ,π(n)),
acting as Wπ(⊗i |si〉) = ⊗i |sπ(i)〉, and Sn denotes the sym-
metric group.

For later use, we define the support supp(O) of a multi-
copy operator O as the subpartition of the quantum system
S on which O acts nontrivially in at least one of the copies.
Then, by the definition of O(k), supp(O(k)) ⊆ supp(O).

Denoting A ≡ supp(O), we can factorize O(k) = O(k)
A ⊗

1⊗k
Ā

, with O(k)
A = Trk+1,...,n

[
(OA)sym

(
1⊗k

A ⊗ ρ
⊗(n−k)
A

)]
and

(OA)sym the symmetrization of the restriction OA of O to A.

2. Leading-order term (n2/NU)V1

We now evaluate the leading-order term (n2/NU)V1 in
Eq. (B3). It is dominant in the limit NU → ∞, and solely
determines the variance of the estimation of standard
single-copy observables [n = 1 in Eq. (B3)] as higher-
order terms in Eq. (B3) vanish. Interestingly, this term does
not depend on the number of batches m, so we typically
choose a minimal number m = n of batch shadows to eval-
uate Eq. (B2), as it leads to minimal postprocessing effort:
O(mn) terms have to be evaluated in Eq. (B2).

Here, and in the following, we use the fact that the
inverse shadow channel M−1 used to define ρ̂(r)σ is
Hermitian-preserving and self-adjoint (see Ref. [1] to
see that this is necessarily the case for shadows built
from randomized measurements). Using this, we first
evaluate

Tr(O(1)ρ̂(r)σ ) =
∑

s

(
P̂ρ(s|U)− Pσ (s|U)

)
Tr
[
O(1)M−1 (U† |s〉 〈s| U

)]+ Tr(O(1)σ )

=
∑

s

(
P̂ρ(s|U)− Pσ (s|U)

)
[M−1(O(1))](U, s)+ Tr(O(1)σ ), (B5)

where we dropped the label (r) and introduced the short-hand notation Tr
[M−1

(
O(1)
)

U† |s〉 〈s| U
] = [M−1(O(1))](U, s).

With this, we obtain

V1 = V[Tr(O(1)ρ̂(r)σ )]

= V

[
∑

s

(
P̂ρ(s|U)− Pσ (s|U)

)
[M−1(O(1))](U, s)

]

= EU

⎡

⎣
∑

s,s′
EQM
[(

P̂ρ(s|U)− Pσ (s|U)
) (

P̂ρ(s′|U)− Pσ (s′|U))] [M−1(O(1))](U, s)[M−1(O(1))](U, s′)

⎤

⎦

− Tr
[
O(1)(ρ − σ)

]2
. (B6)

Now we use (see, e.g., Refs. [6,71])

EQM[̂Pρ(s|U)P̂ρ(s′|U)]

= Pρ(s|U)Pρ(s′|U)+ δs,s′Pρ(s|U)− Pρ(s|U)Pρ(s′|U)
NM

.

(B7)

Inserting this into Eq. (B6), we find

V1 = VU[fρ,σ (U)] + EU[gρ(U)]
NM

, (B8)

with VU and EU denoting variance and expectation with
respect to only the distribution of the unitaries U (as we
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have performed the quantum mechanical average explic-
itly). The functions can be written explicitly as

fρ,σ (U) =
∑

s

(
Pρ(s|U)− Pσ (s|U)

)
[M−1(O(1))](U, s)

(B9)

and

gρ(U) =
∑

s

Pρ(s|U)
(

[M−1(O(1))](U, s)
)2

−
(∑

s

Pρ(s|U)[M−1(O(1))](U, s)
)2

. (B10)

The NM -independent first term in Eq. (B8) depends on both
ρ and σ and vanishes for ρ = σ (fρ,ρ = 0 for any ρ). It
accounts for the variance of Ô due to a finite number NU
of random unitaries U and is present even for NM → ∞.
In contrast, the NM -dependent second term in Eq. (B8)
quantifies the average quantum shot noise arising from a
finite number NM of computational basis measurements
per random unitary and depends only on the experimental
state ρ.

Combining these results and inserting them into
Eq. (B3), we obtain

V(Ô) = n2

NU

(
VU[fρ,σ (U)] + EU[gρ(U)]

NM

)
+ O
(

1
N 2

U

)
.

(B11)

Although it is difficult to bound the higher-order term
O(1/N 2

U) explicitly, we have the guarantee that this term
decays to zero when NM → ∞ and σ → ρ. In this case,
the CRM shadows involved in the estimator Ô satisfy
ρ̂(r) → σ (r), and therefore ρ̂(r)σ → σ becomes constant.

APPENDIX C: VARIANCE BOUNDS FOR LOCAL
PAULI MEASUREMENTS

The analysis in Appendix B applies to all unitary ensem-
bles that can be used to define classical shadows (i.e., that
give rise to a tomographically complete set of measure-
ments). Here we consider Pauli measurements realized by
local random unitaries of the form U = U1 ⊗ · · · ⊗ UN ,
where each Ui is sampled independently from the set U =
{12, 1/

√
2
(

1 1
1 −1

)
, 1/

√
2
( 1 −i

1 +i

)}, so that U†
i ZUi = Z, X , Y,

respectively. In this case, the inverse shadow channel used
to define ρ̂σ [Eq. (2)] reads as

M−1
(⊗

i

Oi

)
=
⊗

i

M−1
i (Oi), with

M−1
i (Oi) = 3Oi − 12Tr(Oi), (C1)

for product observables O =⊗i Oi, and one can extend
this definition to nonproduct operators by linearity [1].

1. Estimating single-copy Pauli observables

We first consider single-copy (n = 1) observables O.
In this case, the operator O(1) defined below Eq. (B4) is
evaluated to O(1) = O. In addition, we specify O to be
a Pauli string of the form O = γ =⊗N

i=1 γi, with γi ∈
{12, X , Y, Z} and X , Y, Z. We denote by A = supp(O) the
subset of NA qubits where O acts nontrivially, i.e., γi �= 12
for i ∈ A and γi = 12 for i ∈ Ā. We define UA =⊗i∈A Ui.

We bound V(Ô) starting from Eq. (B11). First, it follows
directly from Eq. (C1) that M−1(γ ) = 3NAγ . Introduc-
ing the unitary Vγ =⊗i∈A Vi, with Vi ∈ U such that γi =
V†

i ZVi for all i ∈ A, we can write

γ (U, s) ≡ Tr
[
γU† |s〉 〈s| U

] = δUA,Vγ 〈s|ZA|s〉 , (C2)

with ZA =⊗i(Zδi∈A + 12δi/∈A) =∑s(−1)
∑

i∈A si |s〉〈s|.
With these definitions, we rewrite the first term in
Eq. (B11) as

fρ,σ (U) = 3NA
∑

s

(
Pρ(s|U)− Pσ (s|U)

)
γ (U, s)

= 3NA
∑

s

(
Pρ(s|U)− Pσ (s|U)

)
δUA,Vγ 〈s|ZA|s〉

= 3NAδUA,Vγ Tr
(
(ρ − σ)U†ZAU

)

= 3NAδUA,Vγ Tr((ρ − σ)γ ), (C3)

where we used the fact that ZA commutes with each |s〉〈s|.
We obtain

VU[fρ,σ (U)] = 9NATr((ρ − σ)γ )2 VU[δUA,Vγ ]

= (3NA − 1)Tr((ρ − σ)γ )2 (C4)

using the fact that VU[δUA,Vγ ] = EU[δ2
UA,Vγ ] − EU[δUA,Vγ ]2 =

1/3NA − 1/9NA irrespective of γ . We can proceed similarly
with the second term in Eq. (B11):

gρ(U) =
∑

s

Pρ(s|U)M−1(γ )(U, s)2

−
(
∑

s

Pρ(s|U)M−1(γ )(U, s)

)2

= 9NA

(
∑

s

Pρ(s|U)γ (U, s)2
)

− 9NAδUA,Vγ Tr(ργ )2 = 9NAδUA,Vγ (1 − Tr(ργ )2),
(C5)

and thus

EU[gρ(U)] = 3NA(1 − Tr(ργ )2). (C6)
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Inserting these results into Eq. (B3) and recalling that
higher-orders terms O(1/N 2

U) are absent for linear observ-
ables, we find

V(Ô) = 1
NU

(
(3NA − 1)Tr(O(ρ − σ))2

+ 3NA(1 − Tr(ργ )2)
NM

)

≤ 3NA

NU

(
Tr[O(ρ − σ)]2 + 1

NM

)
(C7)

as stated in the main text.

2. Estimating general MCOs

We now bound the variance equation (B11) for a gen-
eral multicopy observable O with corresponding Hermitian
operator O(1) defined below Eq. (B4). We denote the sup-
port of O by A = supp(O) ⊇ supp(O(1)), such that, up to
relabeling of the qubits, we can write O(1) = O(1)

A ⊗ 1Ā.
We write O(1)

A in the basis of the 4NA Pauli strings γA,
O(1)

A = 1/2NA
∑

γA
Tr(O(1)

A γA)γA [where the Pauli strings
are orthogonal: Tr(γAγ

′
A) = 2NAδγA,γ ′

A
], and first note that

[M−1(O(1))](U, s) = Tr
[M−1(O(1))U† |s〉 〈s| U

]

= Tr
[
M−1

A (O(1)
A )U

†
A |sA〉 〈sA| UA

]

= 1
2NA

∑

γA

3N�Tr(O(1)
A γA)γA(UA, sA),

(C8)

with� = supp(γA) ⊆ A denoting the support of γA consist-
ing of N� qubits. This implies that fρ,σ (U) depends only on
reduced quantities acting on A only:

fρ,σ (U) =
∑

s

(
Pρ(s|U)− Pσ (s|U)

)
[M−1(O(1))](U, s)

=
∑

sA

(
PρA(sA|UA)− PσA(sA|UA)

)

×
(

1
2NA

∑

γA

3N�Tr(O(1)
A γA)γA(UA, sA),

)
(C9)

with the reduced density matrices ρA = TrĀ(ρ), σA =
TrĀ(σ ). We now use the Cauchy-Schwartz inequality

fρ,σ (U)2 ≤
(
∑

sA

[
PρA(sA|UA)− PσA(sA|UA)

]2
)

×
⎛

⎝
∑

sA

[
1

2NA

∑

γA

3N�Tr(O(1)
A γA)γA(UA, sA)

]2
⎞

⎠.

(C10)

The first factor can be bounded as

∑

sA

(
PρA(sA|UA)− PσA(sA|UA)

)2

=
∑

sA

〈sA|UA(ρA − σA)U
†
A|sA〉2

≤
∑

sA

〈sA|[UA(ρA − σA)U
†
A]2|sA〉 = ||ρA − σA||22,

(C11)

where we used the fact that ρA − σA is Hermitian. As
before, we denote by Vγ =⊗i∈� Vi, Vi ∈ U , the uni-
tary that maps γi to Zi for all i ∈ �. Further, we
define Z� =⊗i∈A(Zδi∈� + 12δi/∈�), such that γ (UA, sA) =
〈sA|Z�|sA〉 δU� ,Vγ , and analogously for (γA, Vγ , Z�) →
(γ ′

A, Vγ ′ , Z�′). We then have

∑

sA

γA(UA, sA)γ
′
A(UA, sA)

=
∑

sA

〈sA|Z�|sA〉 〈sA|Z�′ |sA〉 δU� ,Vγ δU�′ ,Vγ ′

=
∏

i

(
1 + (−1)δi∈�+δi∈�′ ) δU� ,Vγ δU�′ ,Vγ ′

=
∏

i

(2[δi∈�δi∈�′ + δi/∈�δi/∈�′]) δU� ,Vγ δU�′ ,Vγ ′

= 2NAδ�,�′δU� ,Vγ δU�′ ,Vγ ′

= 2NAδγA,γ ′
A
δU� ,Vγ , (C12)

where we used in the last equality the fact that two Pauli
strings that have the same support � = �′ and that are
mapped to Z� = Z�′ via the same transformation UA are
necessarily equal. Hence, we get

fρ,σ (U)2 ≤ 1
2NA

||ρA − σA||22
∑

γA

δU� ,Vγ 9N�Tr(O(1)
A γA)

2.

(C13)

With EU[δU� ,Vγ ] = 1/3N� , we obtain

VU[fρ,σ (U)2] ≤ EU[fρ,σ (U)2]

≤ ||ρA − σA||22
2NA

∑

γA

3N�Tr(O(1)
A γA)

2

≤ 3NA
||ρA − σA||22

2NA

∑

γA

Tr(O(1)
A γA)

2

= 3NA ||O(1)
A ||22 ||ρA − σA||22, (C14)
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where we used the fact that ||O(1)
A ||22 = Tr([O(1)

A ]2) =∑
γA

Tr(O(1)
A γA)

2/2NA [which can be easily proven with use
of Tr(γAγ

′
A) = 2NAδγA,γ ′

A
].

To bound the second term in Eq. (B11), we use the pre-
viously established bounds for standard shadows (Proposi-
tion 3 in Ref. [1]):

EU[gρ(u)] ≤ EU

[
∑

s

Pρ(s|U)
(

[M−1(O(1))](U, s)
)2
]

≤ 2NA ||O(1)
A ||22, (C15)

where we used

EU

[
∑

s

Pρ(s|U)
(

[M−1(O(1))](U, s)
)2
]

≤ max
σ state

EU

[
∑

s

Pσ (s|U)
(

[M−1(O(1))](U, s)
)2
]

= ‖O(1)‖2
shadow ≤ 2NA ||O(1)

A ||22

with the shadow norm defined in Ref. [1] and used in Eq.
(S57) in Ref. [1] to obtain a bound of the shadow norm in
terms of the Hilbert-Schmidt norm.

Summarizing and inserting these results into Eq. (B3),
we find

V(Ô) ≤ n2||O(1)
A ||2

NU

(
3NA ‖ρA − σA‖2

2 + 2NA

NM

)
+ O
(

1
N 2

U

)
.

(C16)

Note that the term ||O(1)
A ||22 is state dependent. In particu-

lar, for specific states and MCOs with n > 1, supp(O(1))

could be smaller than A = supp(O), i.e., supp(O(1)) � A.
In this case, we can obtain a tighter bound by replacing A
(NA) in Eqs. (C16) and (6) with supp(O(1)) [|supp(O(1))|].
Lastly, we note that for trace moments Tr(ρn

A) for which
O = τ

(n)
A ⊗ 1⊗n

Ā
, we have, as shown in Appendix E,

O(1)
A = ρn−1

A .

APPENDIX D: POLYNOMIAL APPROXIMATIONS
OF THE VON NEUMANN ENTROPY VIA

LEAST-SQUARES MINIMIZATION

In this appendix, we explain how to construct the poly-
nomial approximations Snmax introduced in the main text.
Our aim is to derive the coefficients an, n = 1, . . . , nmax,
that minimize the least-squares error

Inmax =
∫ 1

0
[f (x)− fnmax(x)]

2dx, (D1)

where f (x) = −x log(x) and fnmax(x) =∑nmax
n=1 anxn a poly-

nomial of degree nmax. We find

Inmax = −
nmax∑

n=1

2an

(2 + n)2
+

nmax∑

n,n′=1

anan′

1 + n + n′ + const,

(D2)

which we can differentiate as

∂Inmax

∂an
= − 2

(2 + n)2
+ 2

nmax∑

n′=1

an′

1 + n + n′ = 0. (D3)

It follows immediately that ∂2Inmax/∂a2
n> 0. Equation (D3)

corresponds to a matrix inversion problem A.a = Y, with
An,n′ = (1 + n + n′)−1 and Yn = 1/(2 + n)2. The inverse
of a Cauchy matrix An,n′ = 1/(xn + yn′) appears naturally
in polynomial approximation problems and is found to be
[72]

A−1
n,n′ =

∏n
k=1(xn′ + yk)(xk + yn)

(xn′ + yn)
∏

k �=n′(xn′ − xk)
∏

k �=n(yn − yk)
. (D4)

In our case, xn = n + 1 and yn′ = n′. We obtain

an =
∑

n′
A−1

n,n′Yn′

=
∑

n′

( ∏n
k=1(n

′ + 1 + k)(k + 1 + n)
(n + n′ + 1)

∏
k �=n′(n′ − k)

∏
k �=n(n − k)

)

× 1
(2 + n′)2

. (D5)

Having derived explicit expressions for the coefficients
an that determine fnmax(x), we can quantify convergence
aspects via the least-squares error Inmax , which we plot in
Fig. 5.

Once we have built fnmax , we can bound the error |S −
Snmax | as follows. First, we can find numerically an upper

FIG. 5. Least-squares error Inmax as a function of nmax.
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bound αnmax for the function |f (x)− fnmax(x)| in the inter-
val [0, 1]. For instance, we find α3 ≈ 0.046, α4 ≈ 0.028,
and α5 ≈ 0.019. Then we find

|S − Snmax | =
∣∣∣∣
∑

λ∈Spec(ρ)

f (λ)− fnmax(λ)

∣∣∣∣

≤
∑

λ∈Spec(ρ)

|f (λ)− fnmax(λ)|

=
∑

λ∈Spec(ρ),λ �=0

|f (λ)− fnmax(λ)| ≤ αnmaxrank(ρ),

(D6)

where we used in the second line the fact that f (0) =
fnmax(0).

APPENDIX E: COMPUTING O(1)
A FOR A SHIFT

OPERATOR τ
(n)
A

Our aim is to calculate the linear operator O(1)
A for O =

τ
(n)
A ⊗ 1⊗n

Ā
for τ (n)A being the shift operator on n copies of

A as defined in the main text. As argued in the statements
following Eq. (B4), we can restrict ourselves entirely to the
subsystem A. We thus drop the subscript A in the remainder
of this appendix.

By the definition of O(1) [see below Eq. (B4)],

O(1) = Tr{2,...,n}
(
Osym
[
12N ⊗ ρ⊗(n−1)])

= 1
n!

∑

π∈Sn

Tr{2,...,n}
(
W†
πτnWπ

[
12N ⊗ ρ⊗(n−1)]) .

(E1)

Writing now τn =∑s1,...,sn
|sn, s1, . . . , sn−1〉〈s1, . . . , sn| and

Wπ =∑s′1,...,s′n |s′
1, . . . , s′

n〉〈s′
π−1(1)

, . . . , s′
π−1(n)

|, we get

W†
πτnWπ

=
∑

s1,...,sn

|sπ−1(1)−1, . . . , sπ−1(n)−1〉〈sπ−1(1), . . . , sπ−1(n)| ,

(E2)

with s0 ≡ sn. Defining j = π−1(1) and noting that
π−1(2), . . . ,π−1(n) give all other values i �= j from 1 to
n, we get

Tr{2,...,n}
(
W†
πτnWπ [12N ⊗ ρ⊗(n−1)]

)

=
∑

s1,...,sn

|sj −1〉〈sj |
(∏

i�=j

〈si| ρ |si−1〉
)

. (E3)

Reordering all the terms (with the index i going down from
j − 1 to 1, and then from n to j + 1), we get

Tr{2,...,n}
(
W†
πτnWπ [12N ⊗ ρ⊗(n−1)]

)

=
∑

s1,...,sn

|sj −1〉 〈sj −1| ρ |sj −2〉 〈sj −2| ρ |sj −3〉 · · ·

× 〈s1| ρ |s0〉 〈sn| ρ |sn−1〉 · · · 〈sj +2| ρ |sj +1〉
× 〈sj +1| ρ |sj 〉 〈sj | = ρn−1, (E4)

where we used the sum rules
∑

si
|si〉〈si| = 12N (recalling

that s0 ≡ sn). Hence, after (trivially) averaging over π , we
get

O(1) = ρn−1. (E5)
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