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Making predictions based on empirical observations is a 
central topic in statistical learning theory and is at the 
heart of many scientific disciplines, including quantum 

physics. For this latter field, predictive tasks, such as estimating 
target fidelities, verifying entanglement and measuring correla-
tions, are essential for building, calibrating and controlling quan-
tum systems. Recent advances in the size of quantum platforms1 
have pushed traditional prediction techniques—like quantum state 
tomography—to the limit of their capabilities. This is mainly due 
to the curse of dimensionality: the number of parameters needed 
to describe a quantum system scales exponentially with the num-
ber of its constituents. Moreover, these parameters cannot be 
accessed directly, but must be estimated by measuring the sys-
tem. An informative quantum-mechanical measurement is both 
destructive (wavefunction collapse) and yields only probabilistic 
outcomes (Born’s rule). Hence, many identically prepared samples 
are required to estimate accurately even a single parameter of the 
underlying quantum state. Furthermore, all of these measurement 
outcomes must be processed and stored in memory for subsequent 
prediction of relevant features. In summary, reconstructing a full 
description of a quantum system with n constituents (for example, 
qubits) necessitates a number of measurement repetitions exponen-
tial in n, as well as an exponential amount of classical memory and 
computing power.

Several approaches have been proposed to overcome this funda-
mental scaling problem. These include matrix product state (MPS) 
tomography2 and neural network tomography3,4. Both require only 
a polynomial number of samples, provided that the underlying state 
has suitable properties. However, for general quantum systems, 
these techniques still require an exponential number of samples. See 
Supplementary Section 3 for details.

Pioneering a conceptually very different line of research, 
Aaronson5 pointed out that demanding full classical descriptions of 
quantum systems may be excessive for many concrete tasks. Instead 
it is often sufficient to accurately predict certain properties of the 
quantum system. In quantum mechanics, interesting properties are 

often linear functions of the underlying density matrix ρ, such as the 
expectation values {oi} of a set of observables {Oi}:

oiðρÞ ¼ traceðOiρÞ 1≤ i≤M ð1Þ

The fidelity with a pure target state, entanglement witnesses and 
the probability distribution governing the possible outcomes of a 
measurement are all examples that fit this framework. A nonlinear 
function of ρ, such as entanglement entropy, may also be of inter-
est. Aaronson coined the term5,6 ‘shadow tomography’ for the task 
of predicting properties without necessarily fully characterizing the 
quantum state, and he showed that a polynomial number of state 
copies already suffice to predict an exponential number of target 
functions. Although very efficient in terms of samples, Aaronson’s 
procedure is very demanding in terms of quantum hardware; a con-
crete implementation of the proposed protocol requires exponen-
tially long quantum circuits that act collectively on all the copies of 
the unknown state stored in a quantum memory.

In this Article, we combine the mindset of shadow tomography5 
(predict target functions, not the full state) with recent insights from 
quantum state tomography7 (rigorous statistical convergence guar-
antees) and the stabilizer formalism8 (efficient implementation). 
The result is a highly efficient protocol that learns a minimal classi-
cal sketch Sρ—the classical shadow—of an unknown quantum state 
ρ that can be used to predict arbitrary linear function values (equa-
tion (1)) by a simple median-of-means protocol. A classical shadow 
is created by repeatedly performing a simple procedure: apply a 
unitary transformation ρ ↦ UρU†, and then measure all the qubits 
in the computational basis. The number of times this procedure is 
repeated is called the ‘size’ of the classical shadow. The transfor-
mation U is randomly selected from an ensemble of unitaries, and 
different ensembles lead to different versions of the procedure that 
have characteristic strengths and weaknesses. In a practical scheme, 
each ensemble unitary should be realizable as an efficient quan-
tum circuit. We consider random n-qubit Clifford circuits and ten-
sor products of random single-qubit Clifford circuits as important  
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special cases. These two procedures turn out to complement each 
other nicely. Figure 1 provides a visualization and a list of important 
properties that can be predicted efficiently.

Our main theoretical contribution equips this procedure with 
rigorous performance guarantees. Classical shadows with size of 
order log ðMÞ

I
 suffice to predict M target functions in equation (1) 

simultaneously. Most importantly, the actual system size (number of 
qubits) does not enter directly. Instead, the number of measurement 
repetitions N is determined by a (squared) norm k Oik2shadow

I
. This 

norm depends on the target functions and the particular measure-
ment procedure used to produce the classical shadow. For example, 
random n-qubit Clifford circuits lead to the Hilbert–Schmidt norm. 
On the other hand, random single-qubit Clifford circuits produce a 
norm that scales exponentially in the locality of target functions, but 
is independent of system size. The resulting prediction technique 
is applicable to current laboratory experiments and facilitates the 
efficient prediction of few-body properties, such as two-point cor-
relation functions, entanglement entropy of small subsystems and 
expectation values of local observables.

In some cases, this scaling may seem unfavourable. However, 
we rigorously prove that this is not a flaw of the method, but an 
unavoidable limitation rooted in quantum information theory. By 
relating the prediction task to a communication task9, we establish 
fundamental lower bounds highlighting that classical shadows are 
(asymptotically) optimal.

We support our theoretical findings by conducting numerical 
simulations for predicting various physically relevant properties 
over a wide range of system sizes. These include quantum fidel-
ity, two-point correlation functions, entanglement entropy and 
local observables. We confirm that prediction via classical shadows 
scales favourably and improves on powerful existing techniques—
such as machine learning—in a variety of well-motivated test cases. 
An open-source release for predicting many properties from very 
few measurements is available at https://github.com/momohuang/
predicting-quantum-properties.

Procedure
Throughout this work we restrict attention to n-qubit systems and 
ρ is a fixed, but unknown, quantum state in d = 2n dimensions. To 
extract meaningful information, we repeatedly perform a simple 

measurement procedure: apply a random unitary to rotate the state 
(ρ ↦ UρU†) and perform a computational-basis measurement. The 
unitary U is selected randomly from a fixed ensemble. On receiving 
the n-bit measurement outcome b̂


E
2 0; 1f gn

I

, we store an (effi-

cient) classical description of Uy b̂

E

b̂
D U

I

 in classical memory. It is 

instructive to view the average (over both the choice of unitary and 
the outcome distribution) mapping from ρ to its classical snapshot 
Uy b̂


E

b̂
D U

I

 as a quantum channel:

E Uy b̂

E

b̂
D U

h i
¼ MðρÞ ) ρ ¼ E M�1 Uy b̂


E

b̂
D U

 h i
ð2Þ

This quantum channel M
I

 depends on the ensemble of (random) 
unitary transformations. Although the inverted channel M�1

I
 is not 

physical (it is not completely positive), we can still apply M�1

I
 to 

the (classically stored) measurement outcome Uy b̂

E

b̂
D U

I

 in a com-
pletely classical post-processing step. (M

I
 is invertible if the ensem-

ble of unitary transformations defines a tomographically complete 
set of measurements; see Supplementary Section 1.) In doing so, 
we produce a single classical snapshot ρ̂ ¼ M�1 Uy b̂


E

b̂
D U

 

I

 of 
the unknown state ρ from a single measurement. By construction, 
this snapshot exactly reproduces the underlying state in expecta-
tion (over both unitaries and measurement outcomes): E½ρ̂ ¼ ρ

I
. 

Repeating this procedure N times results in an array of N indepen-
dent, classical snapshots of ρ:

Sðρ;NÞ ¼ ρ̂1 ¼ M�1 Uy
1 b̂1


E
b̂1

D U1

 
; ¼ ;

n

ρ̂N¼ M�1 Uy
N b̂N


E
b̂N

D UN

 o ð3Þ

We call this array the classical shadow of ρ. Classical shadows of 
sufficient size N are expressive enough to predict many properties of 
the unknown quantum state efficiently. To avoid outlier corruption, 
we split the classical shadow into equally sized chunks and con-
struct several, independent sample mean estimators. Subsequently,  
we predict linear function values (1) via median of means  
estimation10,11. This procedure is summarized in Algorithm 1. For many  
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Fig. 1 | an illustration for constructing a classical representation, the classical shadow, of a quantum system from randomized measurements. In the 
data acquisition phase, we perform a random unitary evolution and measurements on independent copies of an n-qubit system to obtain a classical 
representation of the quantum system—the classical shadow. Such classical shadows facilitate accurate prediction of a large number of different 
properties using a simple median-of-means protocol.
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physically relevant properties Oi and measurement channels M
I

, 
Algorithm 1 can be carried out very efficiently without explicitly 
constructing the large matrix ρ̂i

I
.

Median of means prediction with classical shadows can be 
defined for any distribution of random unitary transformations. 
Two prominent examples are (1) random n-qubit Clifford circuits 
and (2) tensor products of random single-qubit Clifford circuits. 
Example (1) results in a clean and powerful theory, but also practi-
cal drawbacks, because n2=log ðnÞ

I
 entangling gates are needed to  

sample from n-qubit Clifford unitaries. The corresponding inverted 
quantum channel is M�1

n ðXÞ ¼ ð2n þ 1ÞX � I
I

. Example (2) is 
equivalent to measuring each qubit independently in a random 
Pauli basis. Such measurements can be routinely carried out in 
many experimental platforms. The corresponding inverted quan-
tum channel is M�1

P ¼ Nn
i¼1M�1

1
I

. We refer to examples (1)/(2) as 
random Clifford/Pauli measurements, respectively. In both cases, 
the resulting classical shadow can be stored efficiently in a classical 
memory using the stabilizer formalism.

Algorithm 1. Median of means prediction based on a classical 
shadow S(ρ, N). 

1 function LinearPredictions(O1, …, OM, S(ρ; N), K)

2 Import Sðρ;NÞ ¼ ρ̂1; ¼ ; ρ̂N½ 
I

 ⊳ Load classical shadow

3 Split the shadow into K equally-sized parts and set ⊳ Construct K 
estimators of ρ

  ρ̂ðkÞ ¼ 1
bN=Kc

PkbN=Kc
l¼ðk�1ÞbN=Kcþ1 ρ̂l

I4  for i = 1 to M do

5 Output ôiðN; KÞ ¼ median tr Oiρ̂ð1Þ

 
; ¼ ; tr Oiρ̂ðKÞ

 n o
:

I

 ⊳ Median of means 
estimation

Rigorous performance guarantees
Theorem 1 (informal version). Classical shadows of size N suffice to 
predict M arbitrary linear target functions trðO1ρÞ; ¼ ; trðOMρÞ

I
 up 

to additive error ϵ given that N≥ ðorderÞ log ðMÞmaxijjOijj2shadow=ϵ2
I

. 
The definition of the norm ∣∣Oi∣∣shadow depends on the ensemble of uni-
tary transformations used to create the classical shadow.

We refer to Supplementary Section 1 for background, a detailed 
statement and proofs. Theorem 1 is most powerful when the lin-
ear functions have a bounded norm that is independent of system 
size. In this case, classical shadows allow for predicting a large 
number of properties from only a logarithmic number of quantum 
measurements.

The norm ∣∣Oi∣∣shadow in Theorem 1 plays an important role in 
defining the space of linear functions that can be predicted efficiently. 
For random Clifford measurements, kOk2shadow

I
 is closely related to 

the Hilbert–Schmidt norm trðO2Þ
I

. As a result, a large collection of 
(global) observables with a bounded Hilbert–Schmidt norm can be 
predicted efficiently. For random Pauli measurements, the norm 
scales exponentially in the locality of the observable, not the actual 
number of qubits. For an observable Oi that acts non-trivially on 
(at most) k qubits, jjOijj2shadow≤4kjjOijj21

I
, where ∣∣ ⋅ ∣∣∞ denotes the 

operator norm. (This scaling can be further improved to 3k if Oi is 
a tensor product of k single-qubit observables.) This guarantees the 
accurate prediction of many local observables from a much smaller 
number of measurements.

illustrative example applications
Quantum fidelity estimation. Suppose we wish to certify that an 
experimental device prepares a desired n-qubit state. Typically, 
this target state ψj i ψh j

I
 is pure and highly structured, for example, 

a Greenberger–Horne–Zeilinger (GHZ) state12 for quantum com-
munication protocols or a toric code ground state13 for fault-tolerant 

quantum computation. Theorem 1 asserts that a classical shadow 
(Clifford measurements) of dimension-independent size suffices to 
accurately predict the fidelity of any state in the lab with any pure 
target state. This improves on the best existing result on direct fidel-
ity estimation14 which requires O(2n/ϵ4) samples in the worst case. 
Moreover, a classical shadow of polynomial size allows for estimat-
ing an exponential number of (pure) target fidelities all at once.

Entanglement verification. Fidelities with pure target states can  
also serve as (bipartite) entanglement witnesses15. For many (but  
not all16) bipartite entangled states ρ, there exists a constant α and  
an observable O ¼ ψj i ψh j

I
 such that trðOρÞ>α≥ trðOρsÞ

I
, for all 

(bipartite) separable states ρs. Establishing trðOρÞ>α
I

 verifies the  
existence of entanglement in the state ρ. Any O ¼ ψj i ψh j

I
 that  

satisfies the above condition is known as an entanglement witness 
for the state ρ. Classical shadows (Clifford measurements) of loga-
rithmic size allow for checking a large number of potential entan-
glement witnesses simultaneously.

Predicting expectation values of local observables. Many 
near-term applications of quantum devices rely on repeatedly esti-
mating a large number of local observables. For example, low-energy 
eigenstates of a many-body Hamiltonian may be prepared and stud-
ied using a variational method, in which the Hamiltonian, a sum of 
local terms, is measured many times. Classical shadows constructed 
from a logarithmic number of random Pauli measurements can effi-
ciently estimate polynomially many such local observables. Because 
only single-qubit Pauli measurements suffice, this measurement 
procedure is highly efficient. Potential applications include quan-
tum chemistry17 and lattice gauge theory18.

Predicting expectation values of global observables (non-example). 
Classical shadows are not without limitations. In our examples, the 
size of classical shadows must either scale with trðO2

i Þ
I

 (Clifford mea-
surements) or must scale exponentially in the locality of Oi (Pauli 
measurements). Both quantities can simultaneously become expo-
nentially large for non-local observables with large Hilbert–Schmidt 
norm. A concrete example is the Pauli expectation value of a spin 
chain: hPi1      Piniρ ¼ tr O1ρð Þ

I
, where trðO2

1Þ ¼ 2n

I
 and k = n 

(non-local observable). In this case, classical shadows of exponential 
size may be required to accurately predict a single expectation value. 
In contrast, a direct spin measurement achieves the same accuracy 
with only of order 1/ϵ2 copies of the state ρ.

Matching information-theoretic lower bounds
The non-example above raises an important question: does the scal-
ing of the required number of measurements with Hilbert–Schmidt 
norm or with the locality of observables arise from a fundamen-
tal limitation, or is it merely an artefact of prediction with classical 
shadows? A rigorous analysis reveals that this scaling is no mere 
artefact; rather, it stems from information-theoretic reasons.
Theorem 2 (informal version). Any procedure based on single-copy 
measurements, that can predict any M linear functions trðOiρÞ

I
 up to 

additive error ϵ, requires at least (order) log ðMÞ maxikOik2shadow=ϵ2
I

 
measurements.

Here, jjOijj2shadow
I

 could be taken as the Hilbert–Schmidt norm 
trðO2

i Þ
I

 or as a function scaling exponentially in the locality of Oi. 
The proof results from embedding the abstract prediction proce-
dure into a communication protocol. Quantum information theory 
imposes fundamental restrictions on any quantum communica-
tion protocol and allows us to deduce stringent lower bounds. See 
Supplementary Sections 7 and 8 for details and proofs.

The two main technical results complement each other nicely. 
Theorem 1 equips classical shadows with a constructive performance 

NatuRe PHYsics | VOL 16 | OCTOBer 2020 | 1050–1057 | www.nature.com/naturephysics1052

http://www.nature.com/naturephysics


ArticlesNaTure PHysics

guarantee: an order of log ðMÞ maxikOik2shadow=ϵ2
I

 single-copy  
measurements suffice to accurately predict an arbitrary collection of 
M target functions. Theorem 2 highlights that this number of mea-
surements is unavoidable in general.

Predicting nonlinear functions
The classical shadow Sðρ;NÞ ¼ ρ̂1; ¼ ; ρ̂Nf g

I
 of the unknown quan-

tum state ρ may also be used to predict nonlinear functions f(ρ). We 
illustrate this with a quadratic function f ðρÞ ¼ trðOρ ρÞ

I
, where O 

acts on two copies of the state. Because ρ̂i
I
 is equal to the quantum 

state ρ in expectation, one could predict trðOρ ρÞ
I

 using two inde-
pendent snapshots ρ̂i; ρ̂j; i≠j

I
. Because of independence, trðOρ̂i  ρ̂jÞ

I
 

correctly predicts the quadratic function in expectation:
EtrðOρ̂i  ρ̂jÞ ¼ trðOEρ̂i  Eρ̂jÞ ¼ trðOρ ρÞ ð4Þ

To reduce the prediction error, we use N independent snapshots 
and symmetrize over all possible pairs: 1

NðN�1Þ
P

i≠jtrðOρ̂i  ρ̂jÞ
I

. 
We then repeat this procedure several times and form their median 
to further reduce the likelihood of outlier corruption (similar to 
median of means). Rigorous performance guarantees are presented 
in Supplementary Section 1.C. This approach readily generalizes to 
higher-order polynomials using U-statistics19.

One particularly interesting nonlinear function is the 
second-order Rényi entropy, �log ðtrðρ2AÞÞ

I
, where A is a subsystem 

of the n-qubit quantum system. We can rewrite the argument in the 
log as trðρ2AÞ ¼ tr SAρ ρð Þ

I
, where SA is the local swap operator of 

two copies of subsystem A, and use classical shadows to obtain very 
accurate predictions. The required number of measurements scales 
exponentially in the size of subsystem A, but is independent of total 
system size. Probing this entanglement entropy is a useful task and 
a highly efficient specialized approach has been proposed in ref. 20.  
We compare this method of Brydges and colleagues to classical 
shadows in the numerical experiments.

For nonlinear functions, unlike linear ones, we have not derived 
an information-theoretic lower bound on the number of measure-
ments needed, although it may be possible to do so by generalizing 
our methods.

Numerical experiments
One of the key features of prediction with classical shadows is scal-
ability. The data acquisition phase is designed to be tractable for 
state-of-the-art platforms (Pauli measurements) and future quan-
tum computers (Clifford measurements), respectively. The result-
ing classical shadow can be stored efficiently in classical memory. 
For many important features—such as local observables or global 
features with efficient stabilizer decompositions—scalability, more-
over, extends to the computational cost associated with median of 
means prediction.

These design features allowed us to conduct numerical experi-
ments for a wide range of problems and system sizes (up to 160 
qubits). The computational bottleneck is not feature prediction with 
classical shadows, but generating synthetic data, that is, classically 
generating target states and simulating quantum measurements. 
Needless to say, this classical bottleneck does not occur in actual 
experiments. We then use this synthetic data to learn a classical 
representation of ρ and use this representation to predict various 
interesting properties.

Machine-learning-based approaches3,4 are among the most 
promising alternative methods that have applications in this regime, 
where the Hilbert space dimension is roughly comparable to the total 
number of silicon atoms on earth (2160 ≃ 1048). For example, a recent 
version of neural network quantum state tomography (NNQST) is 
a generative model that is based on a deep neural network trained 
on independent quantum measurement outcomes with local  

SIC/tetrahedral positive-operator valued measures (POVMs)21.  
In this section, we consider the task of learning a classical represen-
tation of an unknown quantum state, and using the representation 
to predict various properties, addressing the relative merit of classi-
cal shadows and alternative methods.

Predicting quantum fidelities via Clifford measurements. Here 
we focus on classical shadows based on random Clifford measure-
ments, which are designed to predict observables with a bounded 
Hilbert–Schmidt norm. When the observables have efficient repre-
sentations—such as efficient stabilizer decompositions—the com-
putational cost for performing median of means prediction can also 
be efficient. (The runtime of Algorithm 1 is dominated by the cost 
of computing quadratic functions b̂

D UOUy b̂

E

I

 in 2n dimensions. 
If O ¼ ψj i ψh j

I
 is a stabilizer state, the Gottesman–Knill theorem 

allows for evaluation in Oðn2Þ
I

-time.) An important example is the 
quantum fidelity with a target state. In ref. 3, the viability of NNQST 
is demonstrated by considering GHZ states with a varying number 
of qubits n. Numerical experiments highlight that the number of 
measurement repetitions (size of the training data) to learn a neu-
ral network model of the GHZ state that achieves a target fidelity 
of 0.99 scales linearly in n. We have also implemented NNQST for 
GHZ states and compared it to median of means prediction with 
classical shadows. Figure 2a confirms the linear scaling of NNQST 
and the assertion of Theorem 1: classical shadows of constant size 
suffice to accurately estimate GHZ target fidelities, regardless of the 
actual system size. In addition, we have also tested the ability of both 
approaches to detect potential state preparation errors. More pre-
cisely, we consider a scenario where the GHZ source introduces a 
phase error with probability p ∈ [0, 1]:

ρp ¼ ð1� pÞ ψþ
GHZðnÞ

 
ψþ
GHZðnÞ

 þ p ψ�
GHZðnÞ

 
ψ�
GHZðnÞ

 ;

ψ ±
GHZðnÞ

 
¼ 1ffiffi

2
p 0j in ± 1j in� 

ð5Þ
We learn a classical representation of the GHZ source and sub-
sequently predict the fidelity with the pure GHZ state. Figure 2b 
highlights that the classical shadow prediction accurately tracks 
the decrease in target fidelity as the error parameter p increases. 
NNQST, in contrast, seems to consistently overestimate this tar-
get fidelity. In the extreme case (p = 1), the true underlying state 
is completely orthogonal to the target state, but NNQST nonethe-
less reports fidelities close to one. This shortcoming arises because 
the POVM-based machine-learning approach can only efficiently 
estimate an upper bound on the true quantum fidelity efficiently. 
To estimate the actual fidelity, an exceedingly large number of 
measurements is needed. Similar experiments are described in 
Supplementary Section 2, where we focus on toric code ground 
states and entanglement witnesses, respectively.

Predicting two-point correlation and subsystem entanglement 
entropy (Pauli measurements). Classical shadows based on ran-
dom Clifford measurements excel at predicting quantum fidelities. 
However, random Clifford measurements can be challenging to 
implement in practice, because many entangling gates are needed 
to implement general Clifford circuits. Next we consider classical 
shadows based on random local Pauli measurements, which are eas-
ier to perform experimentally. The subsystem properties can be pre-
dicted efficiently by constructing the reduced density matrix from 
the classical shadow. Therefore, the computational complexity scales 
exponentially only in the subsystem size, rather than the size of the 
entire system. Our numerical experiments confirm that classical 
shadows obtained using random Pauli measurements excel at pre-
dicting few-body properties of a quantum state, such as two-point 
correlation functions and subsystem entanglement entropy.
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Two-point correlation functions. NNQST has been shown to pre-
dict two-point correlation functions effectively3. Here, we com-
pare classical shadows with NNQST for two physically motivated 
test cases: ground states of the antiferromagnetic transverse field 
Ising model in one dimension (TFIM) and the antiferromagnetic 
Heisenberg model in two dimensions. The Hamiltonian for TFIM 
is H ¼ J

P
iσ

Z
i σ

Z
iþ1 þ h

P
iσ

X
i

I
, where J > 0, and we consider a chain 

of 50 lattice sites. The critical point occurs at h = J and exhibits 
power-law decay of correlations rather than exponential decay. 
The Hamiltonian for the two-dimensional (2D) Heisenberg model 
is H ¼ J

P
hi;ji σ

!
i  σ!j

I
, where J > 0, and we consider an 8 × 8 trian-

gular lattice. We follow the approach in ref. 3, where the ground 
state is approximated by a tensor network found using the density 
matrix renormalization group (DMRG). Random Pauli measure-
ments on the ground state may then be simulated using this tensor 
network. The two methods are compared in Fig. 3. In Fig. 3a,b, we 
can see that both the classical shadow (with Pauli measurements) 
and NNQST perform well at predicting two-point correlations. 
However, NNQST has a larger error for the 2D Heisenberg model; 
note that, for larger separations (the lower right corner of the sur-
face plot), NNQST produces some fictitious oscillations that are not 
visible in the results from DMRG and classical shadows. The two 
approaches use the same quantum measurement data; the only dif-
ference is the classical post-processing. In Fig. 3c we compare the 
cost of this classical post-processing, finding roughly a 104 times 
speed-up in classical processing time using the classical shadow 
instead of NNQST.

Subsystem entanglement entropies. An important nonlinear property 
that can be predicted with classical shadows is subsystem entangle-
ment entropy. The required number of measurements scales expo-
nentially in subsystem size, but is independent of the total number 
of qubits. Moreover, these measurements can be used to predict 
many subsystem entanglement entropies at once. This problem has 
also been studied extensively in ref. 20, where a specialized approach 
(which we refer to here as the ‘Brydges et al. protocol’) was designed 
to efficiently estimate second-order Rényi entanglement entropies 
using random local measurements. In ref. 20, a random unitary rota-
tion is reused several times. Predictions using classical shadows 
could also be slightly modified to adapt to this scenario. Results 
from our numerical experiments are shown in Fig. 4. In Fig. 4a, we 

predict the entanglement entropy for all subsystems of size ≤2 from 
only 2,500 measurements of the approximate ground state of the 
disordered Heisenberg model in one dimension. This is a prototypi-
cal model for studying many-body localization22. The ground state 
is approximated by a set of singlet states f 1ffiffi

2
p ð 01j i � 10j iÞg
I

 found 
using the strong-disorder renormalization group23,24. Both the clas-
sical shadow protocol and the Brydges et al. method use random 
single-qubit rotations and basis measurements to find a classical 
representation of the quantum state; the only difference between 
the methods is in the classical post-processing. For these small sub-
systems, we find that the prediction error of the classical shadow 
is smaller than the error of the Brydges et al. protocol. In Fig. 4b, 
we consider predicting the entanglement entropy in a GHZ state 
for system sizes ranging from n = 4 to n = 10 qubits. We focus on 
the entanglement entropy of the subsystem with system size n/2 on 
the left side. Note that this entanglement entropy is equal to one bit 
for any system size n. To achieve an error of 0.05, classical shad-
ows require several times fewer measurements and the discrepancy 
increases as we require smaller error.

Application to quantum simulation of the lattice Schwinger 
model (Pauli measurements). Simulations of quantum field theory 
using quantum computers may someday advance our understanding 
of fundamental particle physics. Although high-impact discoveries 
may still be a way off, notable results have already been achieved in 
studies of 1D lattice gauge theories using quantum platforms.

For example, in ref. 18, a 20-qubit trapped ion analogue quan-
tum simulator was used to prepare low-energy eigenstates of the 
lattice Schwinger model (1D quantum electrodynamics). The 
authors prepared a family of quantum states f ψðθÞj ig

I
, where θ is 

a variational parameter, and computed the variance of the energy 
hðĤ � hĤiθÞ

2iθ
I

 for each value of θ. Here, Ĥ
I
 is the Hamiltonian of 

the model, and hÔiθ ¼ ψðθÞh jÔ ψðθÞj i
I

 is the expectation value of 
the operator Ô

I
 in the state ψðθÞj i

I
. Because energy eigenstates, and 

only energy eigenstates, have vanishing energy dispersion, adjusting 
θ to minimize the variance of energy prepares an energy eigenstate.

After solving the Gauss law constraint to eliminate the gauge 
fields, the Hamiltonian Ĥ

I
 of the Schwinger model is 2-local, though 

not geometrically local in one dimension. Hence the quantity 
hðĤ � hĤiθÞ

2iθ
I

 is a sum of expectation values of 4-local observ-
ables, which can be measured efficiently using a classical shadow 
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derived from random Pauli measurements. This is illustrated in 
Fig. 5a. Figure 5b compares the performance of classical shadows  
to the measurement scheme for 4-local observables designed in ref. 18,  
and also to a recent method25 for measuring local observables, as 
well as the standard approach that directly measures all observables 
independently.

The results show, for the methods we considered, the number 
of copies of the quantum state needed to measure the expectation 
value of all 4-local Pauli observables in hðĤ � hĤiθÞ

2iθ
I

 with an 
error equivalent to measuring each of these observables at least 100 
times. In ref. 18, such a relatively small number of measurements per 
local observable already yielded results comparable to theoretical 
predictions based on exact diagonalization. We find that the per-
formance of the classical shadow method is better than the method 
used in ref. 18 only for system size larger than 50 qubits, and may 
actually be worse for small system sizes. However, classical shadows 
provide a good prediction for any set of local observables, while the  

method of ref. 18 was hand-crafted for the particular task of estimating  
the variance of the energy in the Schwinger model.

To make a more apt comparison, we constructed a deterministic 
version of classical shadows, using a fixed set of measurements rather 
than random Pauli measurements, specifically adapted for the pur-
pose of estimating hðĤ � hĤiθÞ

2iθ
I

 in the lattice Schwinger model. 
This deterministic collection of Pauli measurements is obtained 
by a powerful technique called derandomization26,27. This proce-
dure simulates the classical shadow scheme based on randomized 
measurements and makes use of the rigorous performance bound 
we developed. When a coin is tossed in the randomized scheme to 
decide which measurement to perform next, the next measurement 
in the derandomized version is chosen to have the best possible  
performance bound for the rest of the protocol. It turns out that  
this derandomization of the classical shadow method can be carried  
out very efficiently (full details will appear in upcoming work). Not  
surprisingly, the derandomized version, also included in Fig. 5,  
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outperforms the randomized version by a considerable margin. We 
then find that the derandomized classical shadow method is sig-
nificantly more efficient than the other methods we considered, 
including the hand-crafted method from ref. 18. Finally, we empha-
size that the derandomization procedure is fully automated (see 
https://github.com/momohuang/predicting-quantum-properties 

for open-source code) and not problem-specific. It could be used 
for any prespecified set of local observables.

Outlook
A classical shadow is a succinct classical description of a quantum 
state, which can be extracted by performing reasonably simple 
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single-copy measurements on a reasonably small number of copies 
of the state. We have shown that, given its classical shadow, many 
properties of a quantum state can be accurately and efficiently pre-
dicted with a rigorous performance guarantee. In the case of clas-
sical shadows based on random Pauli measurements, our methods 
are feasible using current quantum platforms, and our numerical 
experiments indicate that many properties can be predicted more 
efficiently using classical shadows than by using other methods. We 
therefore anticipate that classical shadows will be useful in near-term 
experiments characterizing noise in quantum devices and exploring 
variational quantum algorithms for optimization, materials science 
and chemistry. Our results also suggest a variety of avenues for fur-
ther theoretical exploration. Can the classical shadow of a quantum 
state be updated efficiently as the state undergoes time evolution 
governed by a local Hamiltonian? Can we use classical shadows to 
predict properties of quantum channels rather than states? What 
are the applications of classical shadows based on other ensembles 
of unitary transformations, for example ensembles of shallow ran-
dom quantum circuits? More broadly, by mapping many-particle 
quantum states to succinct classical data, classical shadows open 
opportunities for applying classical machine-learning methods to 
numerous challenging problems in quantum many-body phys-
ics4,28,29, such as the classification of quantum phases of matter and 
the simulation of strongly correlated quantum phenomena.

Online content
Any methods, additional references, Nature Research report-
ing summaries, source data, extended data, supplementary infor-
mation, acknowledgements, peer review information; details of 
author contributions and competing interests; and statements of 
data and code availability are available at https://doi.org/10.1038/
s41567-020-0932-7.
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