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We 5tudy the 1ar9e-N 11m1t 0f var10u5 5U(N) 9au9e the0r1e5 w1th ch1ra1 ferm10n c0ntent. 
A55um1n9 that the 1ead1n9 N ~ ~ 6ehav10r 15 91ven 6y a 5um 0f p1anar d1a9ram5, we f1nd that the 
9au9e 1nteract10n mu5t fa11 t0 c0nf1ne c010r 1n 50me m0de15.0ther m0de15, a55um1n9 60th a p1anar 
d1a9ram 11m1t and c0nf1nement, mu5t c0nta1n ma551e55 c0mp051te ferm10n5. 

1. 1ntr0duct10n 

519n1f1cant pr09re55 ha5 recent1y 6een made  t0ward e5ta6115h1n9 h0w 9106a1 f1av0r 

5ymmetr1e5 are rea112ed 1n vect0r-11ke 9au9e the0r1e5, 11ke QCD. F0r examp1e, 1f 

4uark c0nf1nement 15 a55umed, then we may 1nv0ke •t H00ft•5 an0ma1y ar9ument  

[ 1 ] and 1ne4ua11t1e5 51m11ar t0 th05e der1ved 6y We1n9arten [2] and  Vafa and  W1tten 

[3], a10n9 w1th 50me m11d techn1ca1 a55umpt10n5, t0 5h0w that the 5U(n)L x 5U(n)R x 

U(1)v ch1ra1 5ymmetry 0f  Q C D  w1th n ma551e55 4uark  f1av0r5 15 5p0ntane0u51y 

6r0ken t0 the max1ma1 n0nch1ra1 5u69r0up 5 U ( n ) v  x U(1)v. 7h15 dem0n5trat10n 15 

an 1mp0rtant ach1evement f0r QCD,  51nce 5uch a rea112at10n 0f 9106a1 ch1ra1 5ym- 

metry 15 actua11y 065erved 1n Nature.  

1t 15 a150 0f  c0n51dera61e 1ntere5t t0 determ1ne h0w 9106a1 f1av0r 5ymmetr1e5 are 

rea112ed 1n the0r1e5 wh1ch are n0t  vect0r-11ke, 6ut  ch1ra1; the0r1e5 1n wh1ch the 9au9e 

5ymmetry f0r61d5 ma55e5 f0r at 1ea5t 50me 0f the e1ementary ferm10n5. 1t ha5 6een 

5u99e5ted that  many  5uch ••ch1ra1 9au9e the0r1e5•• c0nta1n ma551e55 c0mp051te 

ferm10n5 [4, 5]; phy51c5 we11 6e10w the P1anck 5ca1e m19ht c0nce1va61y 6e de5cr16ed 
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6y an effect1ve ch1ra1 9au9e the0ry 1n wh1ch 4uark5 and 1ept0n5 are c0mp051te and 
the1r ma55e5 are ca1cu1a61e. Unf0rtunate1y, very 11tt1e 15 kn0wn a60ut the 6ehav10r 
0f ch1ra1 9au9e the0r1e5 6ey0nd pertur6at10n the0ry. 

7he centra1 the0ret1ca1 pr061em c0ncern1n9 ch1ra1 9au9e the0r1e5 wh1ch we w15h 
t0 addre55 can 6e f0rmu1ated a5 f0110w5: C0n51der an a5ympt0t1ca11y free 9au9e 
the0ry w1th 9au9e 9r0up 6 and w1th ma551e55 1eft-handed Wey1 ferm10n5 tran5f0rm- 
1n9 a5 50me c0mp1ex repre5entat10n 0f 6 .  1fthe ferm10n repre5entat10n 15 reduc161e, 

then th15 the0ry re5pect5 a 9r0up 61 0f 9106a1 f1av0r 5ymmetr1e5. We w15h t0 kn0w 
h0w the 6 5 5ymmetry 15 rea112ed. 7h15 4ue5t10n ha5 tw0 part5: 

(1) What 5u69r0up Hf 0f 6 r e5cape5 5p0ntane0u5 5ymmetry 6reakd0wn• 
(11) What 15 the repre5entat10n c0ntent under Hf 0f the ma551e55 ferm10n5 1n the 

5pectrum 0f the the0ry• 
7he ma551e55 ferm10n5 may 6e e1ther c0mp051te 0r e1ementary, f0r the 6 9au9e 

1nteract10n may 0r may n0t 6e exact1y c0nf1n1n9; 1f, f0r examp1e, the 9au9e 9r0up 
6 15 5p0ntane0u51y 6r0ken t0 a 5u69r0up H, ma551e55 e1ementary ferm10n5 may 
appear  1n the 5pectrum wh1ch are H 51n91et5 6ut n0t 6 51n91et5.1ndeed, f1nd1n9 the 
rea112at10n 0f the 9au9e 5ymmetry 15 1t5e1f a very 1mp0rtant dynam1ca1 pr061em. 

70 determ1ne the rea112at10n 0f the 9au9e 5ymmetry and 9106a1 f1av0r 5ymmetry, 
we mu5t have 50me kn0w1ed9e a60ut the 1ntr1n51ca11y n0npertur6at1ve phy51c5 
1nv01ved. An 1mp0rtant 5tep wa5 taken 6y •t H00ft [1], wh0 ar9ued that the ma551e55 
ferm10n5 1n the 5pectrum 0f the the0ry mu5t 06ey a remarka61e a19e6ra1c c0nd1t10n; 
they mu5t pr0duce the 5ame tr1an91e an0ma11e5 f0r the un6r0ken f1av0r 9r0up H/ 
a5 the e1ementary ferm10n5.7h15 rea50n1n9 e5ta6115hed that ma551e55 ferm10n5 are 
a nece55ary c0n5e4uence 0f un6r0ken ch1ra1 5ymmetry. 1f there 15 a 9enerat0r t 0f 
the un6r0ken f1av0r 9r0up H r 5uch that tr 13 5 ;~ 0, then there mu5t 6e phy51ca1 ma551e55 
ferm10n5 that c0up1e t0 the a550c1ated current. Furtherm0re, the an0ma1y c0nd1t10n 

p1ace5 c0n5tra1nt5 0n the Hf repre5entat10n c0ntent 0f the ma551e55 ferm10n5 that, 
1n a c0nf1n1n9 the0ry, are h19h1y n0ntr1v1a1, 6ecau5e c0mp051te ferm10n5 mu5t 
typ1ca11y 6e 1n d1fferent repre5entat10n5 0f H 1 than the e1ementary ferm10n5. 

7he an0ma1y c0nd1t10n a10ne, h0wever, d0e5 n0t un14ue1y determ1ne the rea112- 
at10n 0f the 9106a1 6 5 5ymmetry, even 1f exact c0nf1nement 15 a55umed. Further 
1nf0rmat10n 15 needed. 1n vect0r-11ke the0r1e5 11ke QCD, th15 1nf0rmat10n can 6e 
06ta1ned 1n var10u5 way5. A5 n0ted ear11er, the rea112at10n 0f the ch1ra1 5ymmetry 
0f QCD can 6e determ1ned, 1f c0nf1nement 15 a55umed, 6y appea11n9 t0 the QCD 
1ne4ua11t1e5 [2, 3]. Unf0rtunate1y, ana1090u5 1ne4ua11t1e5 have n0t 6een der1ved f0r 
ch1ra1 9au9e the0r1e5. N0npertur6at1ve 1nf0rmat10n a60ut QCD can a150 6e 06ta1ned 
6y d01n9 numer1ca1 ca1cu1at10n5 1n 1att1ce 9au9e the0r1e5. 8ut there are techn1ca1 
065tac1e5 wh1ch make 1t d1ff1cu1t even t0 f0rmu1ate ch1ra1 9au9e the0r1e5 0n the 
1att1ce. (A p055161e mean5 0f 5urm0unt1n9 the5 065tac1e5 15 d15cu55ed 6y tw0 0f u5 

1n ref. [6].) 
An0ther appr0ach t0 5tudy1n9 the n0npertur6at1ve 6ehav10r 0f QCD 15 the 

expan510n 1n 1/N, where N 15 the num6er 0f c010r5 [7]. 1f 4uark c0nf1nement 15 
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a55umed t0 app1y 1n the N --> ~ 11m1t, then a 5urpr151n9 num6er 0f 4ua11tat1ve feature5 

0f me50n phen0men0109y can 6e der1ved 1n th15 appr0ach [7-10]. 7he 1 / N  
expan510n can a150 6e app11ed t0 the pr061em 0f f1nd1n9 the rea112at10n 0f 9106a1 

f1av0r 5ymmetry. 61ven c0nf1nement and 50me techn1ca1 a55umpt10n5 1t can 6e 

5h0wn, w1th0ut 1nv0k1n9 QCD 1ne4ua11t1e5, that the ch1ra1 5ymmetry 0f QCD w1th 

n ma551e55 4uark515 5p0ntane0u51y 6r0ken t0 5U(n)v x U(1)v 1n the 11m1t N --> ~ [ 11 ]. 
0u r  a1m 1n th15 paper 15 t0 determ1ne, a5 far a5 p055161e, the rea112at10n 0f the 

9106a1 f1av0r 5ymmetr1e5 0f var10u5 ch1ra1 9au9e the0r1e5 1n the 11m1t N--> ~ .  We 

re5tr1ct 0ur attent10n, 0f c0ur5e, t0 the0r1e5 wh1ch rema1n a5ympt0t1ca11y free a5 
N--> ~ ;  thu5, a11 ferm10n5 11e 1n 0ne 0f the 1rreduc161e repre5entat10n5 5, A, 0r F 

(0r the1r c0mp1ex c0nju9ate5) 0f the 9au9e 9r0up 5U(N).  Here 5 den0te5 the 

5ymmetr1c tw0-1ndex ten50r, A the ant15ymmetr1c tw0-1ndex ten50r, and F the 
fundamenta1 repre5entat10n 0f the 9r0up 5U(N).  (1n pr1nc1p1e, the adj01nt rep- 

re5entat10n 15 a150 a110wed, even th0u9h 1t 15 rea1, 1f we def1ne a ch1ra1 9au9e the0ry 

a5 0ne 1n wh1ch ma55e5 f0r 50me, 6ut n0t nece55ar11y a11, 0f the e1ementary ferm10n5 

are f0r61dden 6y the 9au9e 5ymmetry.) 
We have reached tw0 ma1n c0nc1u510n5. F1r5t, we have f0und that, 1f we a55ume 

the ex15tence 0f an N --> 00 11m1t 91ven 6y a 5um 0f p1anar d1a9ram5, and a150 a55ume 
c0nf1nement (a11 phy51ca1 5tate5 are 5U(N)  51n91et5), then there are m0de15 wh1ch 

nece55ar11y re5pect un6r0ken ch1ra1 5ymmetr1e5, and c0nta1n ma551e55 c0mp051te 

ferm10n5, 1n the N-~ ce 11m1t. 7h15 15 the 5tr0n9e5t ar9ument we kn0w that ma551e55 

c0mp051te ferm10n5 can rea11y ex15t. 7he key p01nt 15 that there w111 6e ma551e55 

c0mp051te ferm10n5 un1e55 a11 9106a1 f1av0r 5ymmetr1e5 w1th an0ma11e5 are 
5p0ntane0u51y 6r0ken. A550c1ated w1th each 5p0ntane0u51y 6r0ken 5ymmetry 15 a 

601d5t0ne 6050n 5tate wh1ch mu5t 6e a61e t0 appear a5 an 1ntermed1ate 5tate 1n cut 

p1anar d1a9ram5.8ut f0r 50me ch1ra1 5ymmetr1e5 w1th an0ma11e5, we f1nd that there 

15 n0 cand1date 9au9e-51n91et 601d5t0ne 6050n ava11a61e 1n the N--> ~ 11m1t. 7hu5, 
the 5ymmetry 15 un6r0ken, and there are ma551e55 c0mp051te ferm10n5. 

0u r  5ec0nd ma1n c0nc1u510n 15 that there are m0de15 1n wh1ch the tw0 a55umpt10n5 

under1y1n9 0ur f1r5t ma1n c0nc1u510n are 1nc0mpat161e; e1ther c0nf1nement, 0r the 
ex15tence 0f an N ~ ~ 11m1t d0m1nated 6y p1anar d1a9ram5, 0r 60th, mu5t fa11. 1n 

the5e m0de15, there are ch1ra1 5ymmetr1e5 w1th an0ma11e5 f0r wh1ch ne1ther a 

cand1date 9au9e-51n91et 601d5t0ne 6050n n0r a cand1date mu1t1p1et 0f ma551e55 

9au9e-51n91et c0mp051te ferm10n5 0ccur5 1n the cut p1anar d1a9ram5. 7hu5, n0 
p055161e rea112at10n 0f the5e 5ymmetr1e5 15 c0n515tent w1th 0ur a55umpt10n5. 1n 

prev10u5 paper5 [12, 13], we have c0n51dered rea112at10n5 0f the 9106a1 f1av0r 
5ymmetr1e5 0f 5uch m0de15 that are c0n515tent w1th c0nf1nement, at the expen5e 0f 
the ex15tence 0f a c0nvent10na1 1ar9e-N 11m1t. 1t actua11y 5eem5 m0re p1au5161e t0 
u5, th0u9h, that c0nf1nement 15 the 1nc0rrect a55umpt10n, and that the 9au9e 5ym- 
metry 15 rea112ed 1n a H1995 0r C0u10m6 m0de. 

A1th0u9h 0ur 5ec0nd ma1n c0nc1u510n may appear at f1r5t t0 undercut the a55ump- 
t10n5 wh1ch were the 6a515 0f 0ur f1r5t ma1n c0nc1u510n, 5uch 15 n0t rea11y the ca5e 
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(a5 We W111 ar9Ue 1n the C0nC1Ud1n9 5eCt10n). Rather, 0Ur 5eC0nd C0nC1U510n pr0V1de5 
the 5tr0n9e5t ar9Ument kn0Wn t0 U5 that there are 50me Ch1ra1 9aU9e the0r1e5 Wh1Ch 
6reak the1r 0Wn 9aU9e 5ymmetry. And 0Ur f1r5t C0nC1U510n pr0V1de5 h19h1y per5Ua51Ve 
ev1denCe that Certa1n 0ther Ch1ra1 9aU9e the0r1e5 reaUy d0 C0nta1n ma551e55 C0mp051te 
ferm10n5. 

1n 5eCt. 2, the N-+ 00 11m1t 0f QCD 15 rev1eWed. Ch1ra1 9aU9e the0r1e5 Wh1Ch are 
11ke1y t0 C0nta1n ma551e55 C0mp051te ferm10n5 are ana1y2ed 1n 5eCt5.3 and 4, and a 

n0nC0nf1n1n9 Ch1ra1 9aU9e the0ry 15 d15CU55ed 1n 5eCt. 5. 5eCt. 6 C0nta1n5 0Ur 
C0nC1U510n5. 

2. 7 h e  vect0r-11ke ca5e  

8ef0re turn1n9 t0 examp1e5 0f ch1ra1 9au9e the0r1e5, 1et u5 6r1ef1y rev1ew the 
ana1y515 0f the 1ar9e-N 6ehav10r 0f QCD, a vect0r-11ke the0ry. 

QCD 15 an 5 U ( N )  9au9e the0ry c0up1ed t0 1eft-handed Wey1 ferm10n5 (4uark5) 
that, 1n the n0tat10n 1ntr0duced ear11er, tran5f0rm under the 5 U ( N )  (c010r) 9r0up a5 

n ( F +  F) ; (2.1) 

here F 519n1f1e5 the fundamenta1 repre5entat10n 0f 5 U ( N )  and # 1t5 c0nju9ate. 7he 
1 / N  expan510n 15 carr1ed 0ut w1th 9 2 N  f1xed and taken t0 6e 0rder 0ne, where 9 
15 the c0nvent10na11y n0rma112ed 9au9e c0up11n9. 

C0unt1n9 the p0wer5 0f N a550c1ated w1th a 91ven Feynman d1a9ram 15 fac111tated 
6y •t H00ft•5 d0u61e 11ne n0tat10n [7], 1n wh1ch the 5 U ( N )  9au9e the0ry 15 appr0x1- 
mated 6y a U ( N )  9au9e the0ry, and 91u0n5 are repre5ented 6y tw0 11ne5 0f 0pp051te 
0r1entat10n, each carry1n9 an 1ndex wh1ch run5 fr0m 1 t0 N. (5ee f19. 1.) 1n th15 
n0tat10n, each c105ed ••1ndex 100p•• 0f a d1a9ram 1nd1cate5 a fact0r 0f N. 

W1th every c0nnected vacuum 6u661e d1a9ram, we may a550c1ate a tw0- 
d1men510na1 5urface, re9ard1n9 each 1ndex 100p a5 a face 0f the 5urface, each 91u0n 

pr0pa9at0r a5 an ed9e where tw0 face5 meet, and each 4uark pr0pa9at0r a5 an ed9e 
where 0n1y 0ne face end5, part 0f the 60undary 0f the 5urface. A 9raph w1th F 
face5, E ed9e5, and V vert1ce5 carr1e5 F p0wer5 0f N and L -  1 = E - V p0wer5 0f 
92, where L 15 the num6er 0f 100p5 c0nta1ned 1n the d1a9ram (that 15, the num6er 

Pr0Pa9a t0 r5  : 4ua rk  ~ 1 

an t14uark  • 1 
1 91u0n ~,~ j 

k k 1 1 

1j t1 j j 

F19. 1. Pr0pa9at0r5 and vert1ce5 1n the ••d0u61e-11ne•• n0tat10n. 
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0f 1ndependent m0mentum 1nte9ra15, n0t the num6er 0f 1ndex 100p5). 7hu5, th15 

9raph 5ca1e5 11ke 

9 r a p h -  N~-~+v(92N) E-v. (2.2) 

W1th 92N c0n51dered 0f 0rder 0ne, we 5ee that the num6er 0f p0wer5 0f N carr1ed 
6y the 9raph turn5 0ut t0 6e a t0p01091ca1 1nvar1ant 0f the 5urface 0n wh1ch the 
9raph can 6e drawn, the Eu1er character15t1c X = F - E + V. 8y a we11-kn0wn the0rem 
0f t0p0109y, we 06ta1n X = 2 - 2 H  - 8, and 

9raph ~ N 2 2/-/-/~, (2.3) 

where H 15 the num6er 0f  ••hand1e5•• 0n the 5urface and 8 15 the num6er 0f ••h01e5•• 
0r 60undar1e5, that 15, the num6er 0f 4uark 100p5. Ev1dent1y, 1n the N ~  00 11m1t 
w1th 92N f1xed, the ••p1anar•• vacuum d1a9ram5 d0m1nate; the5e are the d1a9ram5 
c0nta1n1n9 n0 4uark 100p5 wh1ch can 6e drawn 0n a 5phere, w1th0ut any cr0551n9 
0f 91u0n 11ne5.7he c0ntr16ut10n due t0 9raph5 w1th 0ne 4uark 100p 15 5uppre55ed 
6y 0ne p0wer 0f 1/N; ••n0np1anar•• 91u0n exchan9e5 are 5uppre55ed 6y 1 / N  2. 

1t ha5 n0t yet pr0ved p055161e t0 5um the p1anar d1a9ram5 and determ1ne the 
1ead1n9 c0ntr16ut10n 1n the 1 / N  expan510n. 8ut  a 5urpr151n9 num6er 0f 4ua11tat1ve 
pr0pert1e5 0f the N ~ 00 11m1t can 6e extracted 1f we make the p1au5161e a55umpt10n 
that c010r 15 c0nf1ned 1n th15 11m1t; that 15, that a11 phy51ca1 5tate5 are c010r 51n91et5 
[7-10]. 7he phy51c5 0f the the0ry can then 6e pr06ed w1th 6 reen  funct10n5 0f 
9au9e-1nvar1ant c0mp051te 0perat0r5. F0r examp1e, c0n51der 

1 
F, aF6 , (2.4) M06=   - • 

a 9ener1c c010r 51n91et me50n 0perat0r, appr0pr1ate1y n0rma112ed t0 c0up1e w1th 
5tren9th 0f 0rder 0ne t0 a c010r-51n91et 5tate. (7he 1ndex 1 15 c010r 1ndex runn1n9 
fr0m 1 t0 N , a  and 6 are f1av0r 1nd1ce5, and 5p1n 1nd1ce5 have 6een c0ntracted 1n 
an un5pec1f1ed way.) 7he 1ead1n9 d1a9ram5 a5 N ~ 00 c0ntr16ut1n9 t0 the c0nnected 
k-p01nt funct10n f0r M have 0ne 4uark 100p wh1ch 15 the 60undary 0f the 9raph, 
and are 0f 0rder N 1-k/2. 1t f0110w5 that, 1n the 1ead1n9 0rder 0f the 1 / N  expan510n, 
the 0perat0r M c0up1e5 0n1y t0 0ne-me50n 5tate5, and that the me50n5 are n0n1nter- 
act1n9 [7, 10]. 7he 1ead1n9 k-me50n 5catter1n9 amp11tude, 0f 0rder N ~-k/2, 15 a 5um 
0f p01e term5 (tree 9raph5). 7h15 ana1y515 15 read11y extended t0 1nc0rp0rate 91ue6a11 
5tate5 (the k-me50n, 1-91ue6a11 amp11tude 15 0f 0rder N 1 k/2-1 f0r k ~ 0, N 2-• f0r 

k = 0) and 0ne c0nc1ude5 that QCD 6ec0me5, 1n the N ~ 00 11m1t, a the0ry 0f an 
1nf1n1te num6er  0f n0n1nteract1n9 2er0-w1dth me50n5 and 91ue6a115. (7he num6er 
0f 5tate5 mu5t 6e 1nf1n1te, 1n 0rder f0r the 6 r een  funct10n5 t0 6ehave at 1ar9e 
m0mentum a5 pred1cted 6y ren0rma112at10n-9r0up-1mpr0ved pertur6at10n the0ry.) 

Wh11e the c0nc1u510n that M c0up1e5 0n1y t0 0ne-part1c1e 5tate5 f0110w5 fr0m ju5t 
the 5ca11n9 pr0pert1e5 a5 N-> 00 0f the M 6 reen  funct10n5, 1t 15 1n5truct1ve t0 n0te 
that th15 c0nc1u510n 15 re1nf0rced 6y an ar9ument 6a5ed 0n the 5tructure 0f the 
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p1anar d1a9ram5 [8, 9]. Whenever a p1anar d1a9ram 15 cut, the 1ntermed1ate 5tate 
that 0ccur5 c0nta1n5 a 4uark-ant14uark pa1r and 50me num6er 0f 91u0n5 w1th c010r 
1nd1ce5 c0ntracted a5 

ff•11A1t12A1213 " "" A 1m 11mF1m . (2.5) 

(5ee f19. 2.) 7h15 5tate c0n515t5 0f a 51n91e 5y5tem 0f c010r-51n91et part1c1e5; 1t cann0t 
6e 5p11t 1nt0 tw0 0r m0re c010r-51n91et 5tate5.7hu5, 1f c010r 15 c0nf1ned, the 1ntermed1- 

ate 5tate mu5t 6e a pertur6at1ve appr0x1mat10n t0 a 0ne-part1c1e 5tate, n0t a mu1t1par- 
t1c1e 5tate. 0 n e  c0nc1ude5 a9a1n that M c0up1e5 0n1y t0 0ne-part1c1e 5tate5 1n the 
N -~ 00 11m1t. 

1n the N - ~  11m1t, QCD w1th n ma551e55 4uark f1av0r5 ha5 a U(n)LxU(n)R 
9106a1 f1av0r 5ymmetry. (7he effect5 0f the ax1a1 an0ma1y are n0t fe1t unt11 the 
next-t0-1ead1n9 0rder 1n the 1 / N  expan510n.) 1f c0nf1nement 15 a55umed, 1t 1mmed1- 
ate1y f0110w5 that th15 5ymmetry mu5t 6e 5p0ntane0u51y 6r0ken t0 an an0ma1y-free 
5u69r0up [11]. 7he •t H00ft  an0ma1y c0nd1t10n re4u1re5 that, 1f there 15 a f1av0r 
5ymmetry 9enerat0r that ha5 an an0ma1y and 15 n0t 5p0ntane0u51y 6r0ken, then the 
c0rre5p0nd1n9 current mu5t c0up1e t0 a pa1r 0f ma551e55 ferm10n5.8ut, 1n the N ~ 
11m1t, a55um1n9 c0nf1nement, a11 4uark 6111near5 c0up1e 0n1y t0 0ne-me50n 5tate5. 

7hat  the un6r0ken 5ymmetry 15 actua11y the d1a90na1 U(n)v can 6e 1nferred fr0m 
a few add1t10na1 m11d a55umpt10n5 (and w1th0ut 1nv0k1n9 QCD 1ne4ua11t1e5). 7he 
pattern 0f 5ymmetry 6reakd0wn 15 character12ed 6y a n0n2er0 va1ue f0r 50me 
9au9e-1nvar1ant parameter, 0r ••c0nden5ate.•• 51nce a11 me50n5 are 4uark-ant14uark 
5tate5, any 601d5t0ne 6050n5 are 5uch 5tate5, and the c0nden5ate, t0 wh1ch 601d5t0ne 
6050n5 mu5t c0up1e, may 6e re9arded a5 a 4uark 6111near. 7he va1ue 0f the  c0nden5ate 
15 determ1ned 6y m1n1m121n9 50me p0tent1a1, 06ta1ned 6y 5umm1n9 an 1nf1n1te num6er 

0f c0nnected p1anar d1a9ram5. 8ut each d1a9ram c0nta1n5 a 51n91e 4uark 100p, 50 
the p0tent1a1 can 6e wr1tten a5 a 5um 0f term5, each 1nv01v1n9 a 51n91e 4uark f1av0r. 
7he p0tent1a1 15 m1n1m12ed 6y m1n1m121n9 1t f0r each 4uark f1av0r 5eparate1y, and 
theref0re the m1n1mum reta1n5 the U(n)v f1av0r 5ymmetry. We c0nc1ude that the 
max1ma1 n0nch1ra1 f1av0r 5ymmetry, U(n)v, 15 un6r0ken [11]. 

1 

F19. 2. A typ1ca1 cut thr0u9h a p1anar d1a9ram that c0ntr16ute5 t0 the me50n tw0-p01nt funct10n, 1n the 
••d0u61e-11ne•• n0tat10n. 
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A 51m11ar c0nc1u510n can 6e 06ta1ned 6y appea11n9 t0 QCD 1ne4ua11t1e5, pr0v1ded, 

a9a1n, that c0nf1nement 15 a55umed. Acc0rd1n9 t0 •t H00ft•5 an0ma1y ar9ument [1], 
there mu5t 6e ma551e55 ferm10n5 c0up11n9 t0 the ax1a1 f1av0r current 1f the a550c1ated 
f1av0r 5ymmetr1e5 are n0t 5p0ntane0u51y 6r0ken. 1f a11 phy51ca1 5tate5 are c010r- 
51n91et5, then the5e ma551e55 ferm10n5 cann0t 6e 4uark5; they are 6ary0n5. 8ut  
r190r0u5 1ne4ua11t1e5 51m11ar t0 th05e der1ved 6y We1n9arten [2] and Vafa and W1tten 
[3] 5h0w that the 119hte5t p5eud05ca1ar me50n (the p10n) 15 n0 heav1er than the 
119hte5t 6ary0n. 7hu5, the p10n mu5t 6e ma551e55, and, 6arr1n9 the p05516111ty that 
f,, ••acc1denta11y•• van15he5, 1t 15 a 601d5t0ne 6050n. 7he 5U(n)  L X 5U(n) R X U(1)V 
Ch1ra1 5ymmetry 15 theref0re 5p0ntane0U51y 6r0ken, and QCD 1ne4Ua11t1e5 Can 6e 
1nV0ked t0 determ1ne that the Un6r0ken 5ymmetry mU5t 6e 5U(n)V X U(1)V [3]. 7h15 

ar9Ument 15 read11y 9enera112ed t0 5h0W that, 1n VeCt0r-11ke 9aU9e the0r1e5, 9106a1 
f1aV0r 5ymmetr1e5 are a1Way5 5p0ntane0U51y 6r0ken t0 maX1ma1 n0nCh1ra1 5U69r0Up5. 

A1th0U9h the ar9Ument 6a5ed 0n QCD 1ne4Ua11t1e5 app11e5 f0r any N, We f1nd 
the ar9Ument 6a5ed 0n the 1 / N  expan510n m0re U5efU1 f0r 0Ur purp05e5, 6eCaU5e 
1t 15 m0re ea511y 9enera112ed t0 Ch1ra1 9aU9e the0r1e5. 

1f the N ~ 0e 11m1t 15 taken W1th the num6er n 0f 4Uark f1aV0r5 he1d f1Xed, then 
QCD 6eC0me5 a the0ry 0f an 1nf1n1te num6er 0f n0n1nteraCt1n9 2er0-W1dth me50n5 
and 91Ue6a115. 8Ut 1t 15 a150 1ntere5t1n9 t0 C0n51der the N "  0e 11m1t W1th n /N  he1d 
f1Xed; that 15, W1th the num6er  0f 4Uark f1aV0r5 0f 0rder N [8]. 1n fact, We W111 5ee 
1ater that the me50n phen0men0109y 0f 50me Ch1ra1 9aU9e the0r1e5 re5em61e5 that 
0f QCD W1th 0rder N f1aV0r5. 

F0r n/N 0f 0rder 0ne, a typ1Ca1 d1a9ram C0ntr16Ut1n9 1n 1ead1n9 0rder t0 the 
C0nneCted k-p01nt 6 reen  fUnCt10n f0r the me50n 0perat0r M 15 p1anar, 6Ut C0nta1n5 
many ferm10n 100p5; a11 the M 1n5ert10n5 0CCUr 0n a 51n91e 100p, Wh1Ch may 6e 

taken t0 6e the ed9e 0f the d1a9ram (5ee f19. 3). 7he C010r fact0r 1/N a550C1ated 
W1th a ferm10n 100p 15 C0mpen5ated 6y the n-f01d f1aV0r de9eneracy 0f the 100p. 

7he 5ame C0Unt1n9 a5 6ef0re 5h0W5 that the k-me50n amp11tude 15 0f 0rder N 1-k/2. 
8Ut the me50n5 n0nethe1e55 aC4U1re f1n1te W1dth5.7he rate f0r the decay 0f a me50n 
re50nance 1nt0 k -- 1 me50n515 0f0rder  0ne, 6eCaU5e the 0rder N k-2  f1av0r de9eneracy 
0f the f1na1 me50n 5tate c0mpen5ate5 f0r the 5ma11ne55 0f the amp11tude. (5ee f19. 
4a.) 0n1y the ma551e55 me50n5, the 601d5t0ne 6050n5 0f the 5p0ntane0u51y 6r0ken 
f1av0r 5ymmetry, are exact1y 5ta61e, and the5e me50n5 are n0n1nteract1n9. (7he 

F19. 3. A typ1ca1 p1anar d1a9ram that c0ntr16ute5 t0 a many-me50n amp11tude 1f the num6er 0f 4uark 
f1av0r5 15 0f 0rder N. 5011d f1ne5 are 4uark5 and wavy 11ne5 are 91u0n5. 
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0 0 

6 a 

(0) (6) 

F19. 4. 7yp1ca1 d1a9ram5 c0ntr16ut1n9 t0 the decay amp11tude5 0f (a) me50n5 and (6) 91ue6a115. 7he 
1nd1ce5 a, 6, c den0te 4uark f1av0r5, 

tw0-me50n t0ta1 cr055 5ect10n 15 0f 0rder 1/N.) 1f n / N  15 5ma11 6ut n0n2er0 [8], 
then there 15 an 1nf1n1te t0wer 0f me50n re50nance5 w1th typ1ca1 w1dth5 0f 0rder 
n/N, and a t0wer 0f 91ue6a11 5tate5 w1th typ1ca1 w1dth5 0f 0rder (n/N)  2 (f19. 46). 

1n the N ~ 0 0  11m1t 0f QCD w1th n / N  0f 0rder 0ne, the f1av0r 5ymmetry 15 
5U(n )L×5U(n )RxU(1 )v ;  the effect5 0f the ax1a1 an0ma1y cann0t 6e 19n0red. 
A1th0u9h 4uark 100p5 are un5uppre55ed f0r n / N  0f 0rder 0ne, 1t 15 5t111 true that 
4uark 6111near5 d0 n0t c0up1e t0 6ary0n-ant16ary0n pa1r5 1n the N -  00 11m1t; they 
c0up1e 0n1y t0 mu1t1-me50n 5tate5. We may theref0re c0nc1ude a5 6ef0re, 1f 
c0nf1nement 15 a55umed, that the 9106a1 f1av0r 5ymmetry mu5t 6e 5p0ntane0u51y 
6r0ken t0 an an0ma1y-free 5u69r0up. H0wever, 6ecau5e c0nnected 9raph5 w1th 
many ferm10n 100p5 0ccur, we cann0t ar9ue a5 6ef0re, w1th0ut 1nv0k1n9 QCD 
1ne4ua11t1e5, that the d1a90na1 5u69r0up 5U(n)v×  U(1)v mu5t 6e un6r0ken. 

3. A ch1ra1 9au9e the0ry w1th ma551e55 c0mp051te ferm10n5 

A5 a f1r5t examp1e 0f a ch1ra1 9au9e the0ry, we c0n51der a m0de1 w1th 9au9e 9r0up 
5U(N)  and 1eft-handed Wey1 ferm10n5 tran5f0rm1n9 under 5 U ( N )  a5 the rep- 
re5entat10n 

5 + ( N + 4 ) F ,  (3.1) 

a 5ymmetr1c ten50r and ( N + 4 )  ~/~5. 7he num6er N + 4  15 ch05en t0 cance1 the 

5 U ( N )  9au9e an0ma1y. 
7h15 m0de1 re5pect5 a 9106a1 f1av0r 5ymmetry 

6 ; ,=  5 U ( N + 4 )  x U(1) ; (3.2) 

the 5 U ( N + 4 )  m1xe5 the d1fferent /~ f1av0r5, and the U(1) 15 that c0m61nat10n 0f 5 
num6er and P num6er, w1th char9e5 

Q5 = N + 4 ,  QF = - ( N + 2 ) ,  (3.3) 

wh1ch 5urv1ve5 1n the pre5ence 0f 5 U ( N )  1n5tant0n5. We w0u1d 11ke t0 determ1ne 
h0w th15 5ymmetry 15 rea112ed 1n the N-~ ~ 11m1t, a55um1n9 exact c0nf1nement. 
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The N + co limit is dominated by planar diagrams, but both S loops and F loops 

are unsuppressed. The S propagator, like the gluon propagator, carries two color 

indices, and the color factor l/N associated with an F loop is compensated by the 

(N + 4)-fold flavor degeneracy. Thus, the meson phenomenology of this model 

resembles that of QCD with order N flavors, discussed in the last section. There are 

glueball resonances and meson resonances coupling to the bilinears F’F and StS, 

but all but the lightest states can decay into light I”F mesons at a finite rate. All 

meson and glueball scattering cross sections vanish in the N -+a limit. 

In its “baryon” phenomenology, however, this model departs greatly from the 

behavior of QCD. There are composite fermions with the quantum numbers of 

Bab = F. Ia SijF 
Jh 3 (3.4) 

which are not decoupled from the meson physics. (Here i,j are color indices running 

from 1 to N, and a, 6 are flavor indices running from 1 to N + 4.) The intermediate 

states BBt can occur in cut planar diagrams (fig. 5). Thus, meson and glueball 

resonances can decay into the BB’ channel with rates of order one. If there are 

massless baryons (and there are - see below) we expect all mesons and glueballs 

with nonzero mass to have finite widths for N + 00; the only stable particles in the 

spectrum of the theory are the massless baryons, and the massless mesons, if any. 

Excited baryon resonances can decay to the massless baryons by emission of P’F 

mesons. And the baryons are noninteracting; all scattering amplitudes vanish in the 

N + ~0 limit. 

To see that the spectrum of this theory really contains massless composite fermions 

(assuming confinement), we now consider the realization of the global G, symmetry. 

If the G, symmetry is completely unbroken, then there are four flavor anomaly 

conditions which must be satisfied - there are SU( N + 4)3, SU( N + 4)*U( l), U( 1)3, 

and U(1) (“gravitational” [14]) anomalies. All four conditions impose nontrivial 

constraints on the flavor quantum numbers of the massless composite fermions, but 

they admit a remarkably simple solution [5]. A state coupling to the operator Bob, 

Fig. 5. A cut planar diagram in which a “baryon-antibaryon” intermediate state appears 
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ant15ymmetr12ed 1n 1t5 f1av0r 1nd1ce5, ha5 U(1) char9e Q8 = - N ,  and 15 read11y f0und 
t0 pr0duce f1av0r an0ma11e5 wh1ch match th05e 0f the  e1ementary ferm10n5 5 and #. 

7h15 501ut10n t0 the an0ma1y c0nd1t10n5 15 50 natura1 and appea11n9 that 1t 15 very 
tempt1n9 t0 c0njecture that the 6 5 5ymmetry 15 actua11y rea112ed 1n th15 way, that 
6j- 15 c0mp1ete1y un6r0ken and that there are • ( N + 4 ) ( N + 3 )  ma551e55 ferm10n5 
tran5f0rm1n9 a5 the ant15ymmetr1c ten50r repre5entat10n 0f f1av0r 5 U ( N  + 4), w1th 
U(1) char9e Q = - N .  1n fact, 1f we a55ume c0nf1nement and the ex15tence 0f an 
N-~ ~ 11m1t d0m1nated 6y p1anar d1a9ram5, we can reach a c0nc1u510n near1y th15 
5tr0n9. 7he p01nt 15 that, 1n the N ~  11m1t, the 9106a1 U(1) 0 5ymmetry cann0t 6e 
5p0ntane0u51y 6r0ken, and the 0n1y c0mp051te ferm10n5 1n the 5pectrum have U(1) 
char9e Q = - N .  51nce the U(1) 3 and U(1) an0ma11e5 are -•N3(N+4)(N+3) and 
-•N( N + 4) ( N + 3) re5pect1ve1y, we kn0w that •( N + 4 ) (N  + 3) 0f the ferm10n5 mu5t 

6e ma551e55. 
70 ar9ue that the U(1) 0 5ymmetry rema1n5 un6r0ken, we c0n51der cand1date 

0rder parameter5 wh1ch c0u1d 519na1 the 5p0ntane0u5 6reakd0wn 0f th15 5ymmetry. 
1f a 9au9e-1nvar1ant 0perat0r w1th n0ntr1v1a1 f1av0r 4uantum num6er5 c0nden5e5, 
then there mu5t 6e a 601d5t0ne 6050n wh1ch c0up1e5 t0 the c0nden5ate, and appear5 
1n the 5pectrum 0f the the0ry. (7hat 15 the 601d5t0ne 6050n c0up1e5 t0 the 
••1ma91nary•• part 0f the 0perat0r wh05e ••rea1•• part c0nden5e5.) 7hu5, 1f an 0perat0r 
15 t0 c0nden5e 1n the N ~ 00 11m1t, we demand that a 5tate w1th the 4uantum num6er5 
0f that 0perat0r appear5 1n the cut p1anar d1a9ram5.7h15 re4u1rement, a10n9 w1th 

c0nf1nement (the 0perat0r wh1ch c0nden5e5 mu5t 6e a 9au9e-51n91et), 9reat1y re5tr1ct5 
the p055161e rea112at10n5 0f the f1av0r 5ymmetry. 

7he key feature 0f the cut p1anar d1a9ram5 15 that, a10n9 the cut, an 1ndex 11ne 
p01nt1n9 0ut thr0u9h the cut 15 a1way5 f0110wed 6y 0ne p01nt1n9 1n. 1t 15 thu5 ea5y 
t0 5ee that the 0n1y c010r 51n91et 5tate5 w1th U(1) 0 char9e that can 0ccur 1n the cut 
p1anar d1a9ram5 are the 6ary0n 5tate 8, the ant16ary0n 8 t, and mu1t16ary0n 5tate5 
c0n5tructed fr0m them. Furtherm0re, wh11e a 6ary0n-ant16ary0n 5tate 88* can 
0ccur, a tw0-6ary0n 5tate 88 cann0t (f19.6). (We 5h0u1d n0t expect 88 t0 c0nden5e 
anyway, 6ecau5e the 6ary0n5 are n0n1nteract1n9.) We c0nc1ude that, 1f the 0n1y 

a110wed c0nden5ate5 are L0rent2-51n91et 9au9e-51n91et 0perat0r5 wh1ch appear  a5 
1ntermed1ate 5tate5 1n cut p1anar d1a9ram5, then there 15 n0 cand1date c0nden5ate 
t0 6reak the U(1) 0 5ymmetry; th15 5ymmetry mu5t 6e un6r0ken. 

A5 we have n0ted, the un6r0ken U(1) 0 5ymmetry en5ure5 the ex15tence 0f 
•(N + 4 ) ( N  + 3) ma551e55 c0mp051te ferm10n5.8ut we cann0t ar9ue that the 5U( N + 
4) f1av0r 5ymmetry 15 un6r0ken, h0wever p1au5161e th15 may 5eem, w1th0ut mak1n9 
further a55umpt10n5. C0nf1nement and the ex15tence 0f an N ~ c0 11m1t d0m1nated 
6y p1anar d1a9ram5 d0 n0t, 1n pr1nc1p1e, exc1ude the p05516111ty that an 0perat0r 
w1th the f1av0r 4uantum num6er5 0f F*"P6 c0nden5e5. (A L0rent2-51n91et 0perat0r 
w1th th15 5tucture 15, f0r examp1e, ff:*%,FD~6 ~, where 6 15 the 91u0n f1e1d.) 1t 15 
even p055161e f0r 5evera1 5uch c0nden5ate5, m15a119ned, t0 6reak the 5 U ( N + 4 )  
5ymmetry c0mp1ete1y. 
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F19. 6. A cut d1a9ram 1n wh1ch the 1ntermed1ate 5tate 888*8 t appear5.7h15 d1a9ram 15 n0np1anar and 
15 5uppre55ed 6y 1/N 2. 

Ar9ument5 1dent1ca1 t0 th05e a60ve can 6e u5ed t0 5h0w, a55um1n9 c0nf1nement, 

that  an 5 U ( N )  9au9e the0ry  w1th ferm10n5 tran5f0rm1n9 a5 

A + ( N - 4 ) F  

c0nta1n5 •(N - 4 ) ( N  - 3) ma551e55 c0mp051te ferm10n5 1n the 11m1t N + ~ .  

4. M0re examp1e5 

1n th15 5ect10n, we 1nve5t19ate the 6ehav10r 0f  5evera1 m0re  ch1ra1 9au9e the0r1e5 

1n the N ~ c 0  11m1t. We a55ume, a5 6ef0re,  that  the 9au9e 1nteract10n 15 exact1y 

c0nf1n1n9. 

4.1. 7HE 8AR5-YANK1EL0w1c2 M0DEL 

8ar5 and  Yank1e10w1c2 [15] pr0p05ed  a 9enera112at10n 0f  the m0de1 d15cu55ed 1n 

5ect. 3. 7he1r m0de1 15 an 5 U ( N )  9au9e the0ry  w1th 1eft-handed Wey1 ferm10n5 

tran5f0rm1n9 under  5 U ( N )  a5 the repre5entat10n 

5 + ( N + 4 ) # + n ( # + F ) ;  (4.1) 

that  15, the 5ame repre5entat10n a5 6ef0re,  except  f0r  a vect0r-11ke p1ece a p p e n d e d  0n. 
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7h15 m0de1 re5pect5 a 9r0up 0f f1av0r 5ymmetr1e5 

6~,, = 5 U ( N + 4 +  n) x 5U(n)  x U(1) × U(1) .  (4.2) 

1n ref. [15], a remarka61y 6eaut1fu1 501ut10n t0 the an0ma1y c0nd1t10n5 wa5 f0und. 
A11 61 an0ma1y c0nd1t10n5 are 5at15f1ed 6y the 5et 0f c010r-51n91et c0mp051te ferm10n5 

F5F+ F*5*F+ F*5F*, (4.3) 

tran5f0rm1n9 a5 the repre5entat10n 

( ~ ,  1 ) + ( D , [ ] ) + ( 1 ,  ~ ) .  (4.4) 

under the 5 U ( N + 4 +  n) × 5U(n)  f1av0r 5ymmetry. 
Unf0rtunate1y, 1n the N ~ cc 11m1t w1th• n he1d f1xed, th15 rea112at10n 0f the 6 f  

5ymmetry 15 n0t p055161e. 8ecau5e an F 100p c05t5 a fact0r 0f 1/N, the F*5F* 
ferm10n5 d0 n0t appear  1n the 1ead1n9 cut d1a9ram5, and the 6 f  5ymmetry mu5t 
6reak. An ar9ument 51m11ar t0 tht app11ed ear11er t0 the ca5e 0f QCD 5h0w5 that 
the 5U(n) 5ymmetry 0f the F•5 5h0u1d rema1n un6r0ken. 7heref0re, the nF•5 mu5t 
c0nden5e w1th n 0f the P 5 ,  1eav1n9 the un6r0ken 5ymmetry 

1-1f --- 5 U ( N + 4 )  × 5U(n) x U(1) x U(1) ,  (4.5) 

0r perhap5 a 5u69r0up 0f Hf. 0n1y the F5P  ferm10n5 are ma551e55. 
1f the N ~ 00 11m1t 15 taken w1th n/N 0f 0rder 0ne, h0wever, then F 100p5 are 

un5uppre55ed, and the rea112at10n 0f the 6 f  5ymmetry adv0cated 1n ref. [15] 15 n0t 
exc1uded 6y 0ur ar9ument5. 

4.2. 6E0R61•5  M 0 D E L 5  

6e0r91 [16] ha5 recent1y empha512ed that there are ch1ra1 9enera112at10n5 0f QCD 
w1th n0n51mp1e 9au9e 9r0up5 wh1ch are 4u1te 11ke1y t0 c0nta1n ma551e55 c0mp051te 
ferm10n5. C0n51der, f0r examp1e, a m0de1 w1th 9au9e 9r0up 5 U ( N ) x  5U(M)  and 
1eft-handed Wey1 ferm10n5 that tran5f0rm under the 9au9e 9r0up a5 the rep- 
re5entat10n 

M(N, 1 ) + ( ~  r, M ) +  N(1, h7/). (4.5) 

(7h15 repre5entat10n 15 free 0f 9au9e an0ma11e5.) We w111 den0te the5e e1ementary 

ferm10n5 a5 

F (N•1) , F (N•M) , F~ 1 ~ )  . (4 .6 )  

Here a 15 a f1av0r 1ndex runn1n9 fr0m 1 t0 M and 6 15 a f1av0r 1ndex runn1n9 fr0m 
1 t0 N;  c010r 1nd1ce5 are 5uppre55ed. 7h15 m0de1 re5pect5 the 9r0up 0f 9106a1 f1av0r 
5ymmetr1e5 

6 f  = 5U(M)  × 5 U ( N )  x U(1)0 , 

where the U(1) 0 char9e a5519nment5 are 

0(F~ N~)) = 1, Q(F ~M)) = -1 ,  0(F~ ~ ) )  = 1. (4.7) 
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1t 15 5u99e5ted 1n ref. [16] that the 6y  5ymmetry 15 un6r0ken, w1th the 6 f  an0ma1y 
c0nd1t10n5 5at15f1ed 6y the ma551e55 c0mp051te ferm10n mu1t1p1et 

8,6 = --a1E7(N~1) 1E7(/~ M) 1E7(1" /~ / ) - -  --6 , (4.8) 

Wh1Ch tran5f0rm5 a5 the (M, N) ~ repre5entat10n 0f 6J•. 
1n the N ~ ~ 11m1t, W1th M / N  f1Xed, the 0n1y 9aU9e-51n91et 5tate5 W1th n0n2er0 

U(1) 0 Char9e Wh1Ch appear a5 1ntermed1ate 5tate5 1n the 1ead1n9 d1a9ram5 are the 
6ary0n 8 and the ant16ary0n 8* (f19.7). 51nCe there 15 n0 Cand1date 9aU9e-1nVar1ant 
L0rent2-1nVar1ant C0nden5ate t0 6reak the U(1) 0 5ymmetry, th15 5ymmetry mU5t 6e 
Un6r0ken. 7he U(1) 0 5ymmetry ha5 an an0ma1y, tr  Q 3 =  NM. 7hu5, a11 N M  0f the  
8a6~5 mu5t 6e ma551e55, 1n a9reement w1th ref. [16]. 50me 6reakd0wn 0f the 
5U(M) x 5U( N)  5ymmetry cann0t 6e exc1uded 6y 0ur ar9ument5, h0wever. 

Next, c0n51der a m0de1 w1th 9au9e 9r0up 5 U ( N ) x 5 U ( M ) x  5U(N) ,  and 1eft- 
handed Wey1 ferm10n5 tran5f0rm1n9 under the 9au9e 9r0up a5 the repre5entat10n 

M ( N ,  1, 1)•+ (~ ,  M, 1)-~+ (1,/~,  N)~+ M(1, 1, 1~/)-1. (4.9) 

7h15 m0de1 re5pect5 the f1av0r 5ymmetry 9r0up 

6y  = 5U(M)L x 5U(M)R x U(1)v,  (4.10) 

where the U(1)v char9e a5519nment5 are 1nd1cated a5 5uper5cr1pt5 1n (4.9). 
1n the N ~ ~ 11m1t, w1th M / N  f1xed, there are n0 9au9e-51n91et ferm10n 5tate5 

wh1ch appear a5 1ntermed1ate 5tate5 1n the 1ead1n9 d1a9ram5. 7hu5, 6 j  mu5t 6e 
5p0ntane0u51y 6r0ken t0 an an0ma1y-free 5u69r0up. 51nce U(1)v ha5 n0 an0ma1y, 
the 06v10u5 ch01ce f0r the un6r0ken 5ymmetry 15 

Hy = 5U(M)v  x U(1)v,  (4.11) 

a5 5u99e5ted 1n ref. [16]. 1ndeed, the cand1date c0nden5ate 

F~N~1~1) F< 9~M~1) F~1~M~ N) F~61~1~¢) , (4.12) 

r 

(N,1) 

F19.7. A cut p1anar d1a9ram 0f the 5U(N) x 5U(M) m0de1 1n wh1ch the 88* 1ntermed1ate 5tate appear5. 
Ferm10n5 are den0ted 6y 5011d 11ne5, 5U(N) 91u0n5 6y wavy 11ne5, and 5U(M) 91u0n5 6y 6r0ken 11ne5. 
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Capa61e 0f 6reak1n9 6 f  t0 HF, 0CCUr5 a5 an 1ntermed1ate 5tate 1n the 1ead1n9 d1a9ram5. 
8Ut 0Ur ar9Ument5 d0 n0t eXC1Ude the p05516111ty that the Un6r0ken 5ymmetry 15 
50me 0ther an0ma1y-free 5U69r0Up 0f 6j .  

1t 15 06V10U5 that th15 ana1y515 Can 6e extended t0 m0de15 W1th any num6er 0f 

51mp1e 9aU9e 9r0Up5, 5Upp0rt1n9 the C0nC1U510n 0f ref. [ 16] that ••eVen 11near M005e5•• 
11ke (4.5) C0nta1n ma551e55 C0mp051te ferm10n5, Wh11e ••0dd 11near M005e5•• 11ke 
(4.9) d0 n0t. 

4.3. A M0DEL W[7H 807H A 5YMME7R1C AND AN AN715YMME7R1C 7EN50R 

0Ur nex t  examp1e 15 an 5 U ( N )  9aU9e the0ry W1th 1eft-handed Wey1 ferm10n5 
tran5f0rm1n9 Under 5 U ( N )  a5 the repre5entat10n 

5 + A + 2 N ( F ) .  (4.13) 

7he num6er 0f F•5 15 ch05en t0 en5ure cance11at10n 0f the 5 U ( N )  9au9e an0ma1y. 
7h15 m0de1 re5pect5 the 9r0up 0f f1av0r 5ymmetr1e5 

6¢- = 5U(2N)  x U(1)0 x U(1)R. (4.14) 

Under the U(1) 5ymmetr1e5 the ferm10n5 carry the char9e5 

Q5=1, QA=1, Q~=-1, 
(4.15) 

R 5 = ( N - 2 )  , R0 = - ( N + 2 ) ,  R F = 0 .  

7he 0n1y c010r-51n91et 5tate5 carry1n9 n0n2er0 U(1)Q char9e wh1ch appear  1n the 
cut p1anar d1a9ram5 0f th15 m0de1 are the 6ary0n 5tate5 

8506 = F~8F6, 8Aa6 = F~AF6,  (4.16) 

and the C0rre5p0nd1n9 ant16ary0n5. 51nCe there 15 n0 Cand1date 0rder parameter, 
the U(1)0 5ymmetry Cann0t 6e 5p0ntane0U51y 6r0ken. And 6eCaU5e the U(1)Q 
5ymmetry ha5 an an0ma1y, tr Q3 = •N 2, and the 6ary0n5 a11 Carry Q = --1, We kn0W 
that N 2 0f the 6ary0n5 mU5t 6e ma551e55. 1t f0110W5 that the 5U(2N)  5ymmetry 
mU5t 6e 5p0ntane0U51y 6r0ken, 6eCaU5e 85 and 8A tran5f0rm a5 ten50r repre5enta- 
t10n5 0f 5U(2N) ,  w1th m0re than N ~ c0mp0nent5. 

0 u r  ar9ument5 cann0t determ1ne prec15e1y h0w the 6 f  5ymmetry 15 rea112ed, 50 
we w111 6e c0ntent w1th pre5ent1n9 0ur p05516111ty. 7he U(1)R 5ymmetry can 6e 
5p0ntane0u51y 6r0ken 6y a c0nden5ate w1th the 5tructure 

F2#15~AJkF k ; (4.17) 

5UCh a 5tate appear51n the CUt p1anar d1a9ram5. FUrther C0nden5ate5 W1th the f1aV0r 
4UantUm num6er5 0f F + F  Can 6reak the 5U(2N)  f1aV0r 5ymmetry d0Wn t0 the 
5 U ( N )  5U69r0Up 5UCh that 2 N  tran5f0rm5 a5 N +  N. 7he an0ma1y C0nd1t10n5 f0r 

H1 - 5 U ( N )  x U(1)0 (4.18) 
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are then 5at15f1ed 6y ma551e55 6ary0n5 tran5f0rm1n9 Under Hf  a5 

F]~ ~+ ~ - ~ .  (4.19) 

7he5e ma551e55 6ary0n5 are pre5uma61y a dynam1ca11y determ1ned m1xture 0f the 

5tate5 85 and 8A. 

5. A ch1ra1 9au9e the0ry w1th 5p0ntane0u51y 6r0ken 9au9e 5ymmetry 

0 u r  ana1y515 0f ch1ra1 9au9e the0r1e5 1n the 1 / N  expan510n ha5 made e55ent1a1 
u5e 0f the a55umpt10n 0f c010r c0nf1nement. 7h15 m19ht 6e re9arded a5 a weakne55 
0f the ana1y515, f0r 0ne can p1au5161y ar9ue that ch1ra1 9au9e the0r1e5 5h0u1d n0t 
6e expected t0 6e c0nf1n1n9 1n 9enera1 [4]. 0 n e  m19ht expect 1n5tead that 9au9e- 
n0n51n91et 6111near c0nden5ate5 f0rm wh1ch 6reak the 9au9e 5ymmetry. 5uch a 
5cenar10 15 e5pec1a11y cred161e 1n v1ew 0f recent M0nte Car10 ca1cu1at10n5 [17] that 

1nd1cate that c0nden5at10n 0f ferm10n pa1r5 can 0ccur at 5urpr151n91y 5h0rt d15tance5. 
0 u r  next examp1e empha512e5 that 1t 15 n0t a1way5 5en5161e t0 a55ume that the 9au9e 
1nteract10n 15 c0nf1n1n9. 

7he examp1e [12, 13] 15 an 5 U ( N )  9au9e the0ry w1th 1eft-handed Wey1 ferm10n5 
tran5f0rm1n9 under the 9au9e 9r0up a5 the repre5entat10n 

5 + / t + 8 P .  (5.1) 

7he num6er  0f F•5 15 ch05en t0 en5ure cance11at10n 0f the 5 U ( N )  9au9e an0ma1y. 
7h15 m0de1 re5pect5 a 9r0up 

6~- = 5U(8) x U(1)0  × U(1)R (5.2) 

0f 9106a1 f1aV0r 5ymmetr1e5.7he Char9e5 0f the ferm10n5 Under the U(1) 5ymmetr1e5, 
Wh1Ch are pre5erved 1n the pre5ence 0f 1n5tant0n5, may 6e Ch05en t0 6e 

Q5 = 2 ,  Q A = - 2 ,  Q ¢ = - 1  , 

R5 = N - 2 ,  R a = - ( N + 2 ) ,  R F = 0 .  (5.3) 

7h15 m0de1 ha5 a p0tent1a11y 1ntere5t1n9 feature [12, 13]; 0ne can c0n5truct a 
5e4uence 0f ••6ary0n•• 0perat0r5 0f the f0rm 

E . , a 5 ~ , ~ (  A,2.,~5~,.~4 . . . A , 0  2,,,, , 5• . . . .  ~0)~0.6. (5.4) 

7he 0perat0r5 1n th15 5e4uence a11 have the 5ame f1av0r 5U(8) 4uantum num6er5, 
6ut carry d1fferent U(1)R char9e5.7hu5, 0ne m19ht expect the ma551e55 ferm10n5 1n 
the 5pectrum 0f th15 m0de1 t0 exh161t a 50rt 0f 9enerat10n 5tructure. 1ndeed, 501ut10n5 
t0 the an0ma1y c0nd1t10n5 can 6e f0und f0r ch1ra1 5u69r0up5 0f 6j- 5uch that the 
5ame repre5entat10n 0f the un6r0ken n0na6e11an f1av0r 5ymmetry 0ccur5 repeated1y, 
ta99ed 6y a U(1) 4uantum num6er wh1ch 5erve5 t0 d15t1n9u15h the ••9enerat10n5•• 
[12, 13]. 
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Unf0rtunate1y, 5uch a rea112at10n 0f the f1av0r 5ymmetry 15 n0t a110wed 1n the 
N--~ m 11m1t. A1th0u9h the5e 6ary0n5 can 0ccur a5 1ntermed1ate 5tate5 1n cut p1anar 
d1a9ram5, the d1a9ram5 re4u1re an ,~ 100p, wh1ch c05t5 a fact0r 0f 1/N re1at1ve t0 
the 1ead1n9 d1a9ram5.1n fact, the 1ar9e-N 11m1t 0fth15 m0de1, a55um1n9 c0nf1nement, 
15 a the0ry 0f an 1nf1n1te num6er 0f n0n1nteract1n9 2er0-w1dth me50n5 and 91ue6a115, 
c0nta1n1n9 n0 6ary0n5 at a11, ju5t 11ke the 1ar9e-N 11m1t 0f QCD. 

Perhap5 we 5h0u1d 6e w1111n9 t0 m0d1fy 5119ht1y the ru1e5 f0r c0unt1n9 p0wer5 0f 
1/N, a5 app11ed t0 th15 m0de1. F0r 1f there are 0rder N ma551e55 6ary0n 5pec1e5 (a5 
re4u1red t0 5at15fy the an0ma1y c0nd1t10n 1f a ch1ra1 5u69r0up 0f 6 5 15 un6r0ken), 
a11 5e1ected fr0m the 5e4uence (5.4), then th15 dynam1ca11y 9enerated de9eneracy 
c0u1d c0mpen5ate f0r the f0rma1 1/N 5uppre5510n 0f the F 100p, and a110w 
6ary0n-ant16ary0n thre5h01d5 t0 0ccur 1n the N--~c0 11m1t. 8ut even w1th th15 
m0d1f1cat10n, the ana1y515 0f the m0de1 run5 1nt0 tr0u61e. 

70 apprec1ate the tr0u61e, we mu5t c0n51der the rea112at10n 0f the U(1)0 5ymmetry. 
7he U(1)0 char9e 0f a 5tate 51mp1y c0unt5 the d1fference 6etween the num6er 0f 
up5ta1r5 c010r 1nd1ce5 and d0wn5ta1r5 c010r 1nd1ce5 carr1ed 6y the 5tate. 7hu5 the 
U(1)Q char9e van15he5 f0r any 9au9e-51n91et 5tate wh1ch can 6e c0n5tructed w1th0ut 
the a1d 0f an N-1ndex e 5ym601. 51nce 5tate5 1nv01v1n9 the e 5ym601 cann0t 0ccur 
1n cut p1anar d1a9ram5 (an up5ta1r5 1ndex 15 a1way5 f0110wed 6y a d0wn5ta1r5 1ndex), 

a11 9au9e-51n91et 5tate5 wh1ch appear  1n cut p1anar d1a9ram5 have van15h1n9 U(•)0 
char9e. 

7he U(1)0 char9e ha5 n0 U(1)~ an0ma1y, 6ut 1t d0e5 have a U(1) 0 (••9rav1ta- 
t10na1••) an0ma1y; we have tr Q = - 6 N  f0r the e1ementary ferm10n5. 51nce n0 

cand1date 9au9e-51n91et c0nden5ate w1th a U(1)0 char9e 0ccur5 1n the cut p1anar 
d1a9ram5, the U(1)Q 5ymmetry cann0t 6e 5p0ntane0u51y 6r0ken 1n the N ~ ~ 11m1t, 
1f c0nf1nement 15 a55umed. 0 n  the 0ther hand, the U(1)Q 5ymmetry cann0t 6e 
un6r0ken, 6ecau5e there are n0 9au9e-51n91et 6ary0n 5tate5 w1th U(1) 0 char9e 1n 
the N -~ c0 11m1t w1th wh1ch t0 5at15fy the U(1)Q an0ma1y c0nd1t10n. We have reached 
a c0ntrad1ct10n. 

7he 51mp1e5t way 0ut 0f th15 d1ff1cu1ty 15 t0 91ve up the a55umpt10n 0f c010r 
c0nf1nement; 1f the the0ry 15 1n a H1995 pha5e 0r C0u10m6 pha5e, then there can 
6e phy51ca1 5tate5 wh1ch are n0t 5 U ( N )  51n91et5. 1t 15, 1n fact, n0t at a11 1mp1au5161e 
that the 9au9e 5ymmetry 0fth15 m0de1 5h0u1d 6e 5p0ntane0u51y 6r0ken. 1n pertur6a- 
t10n the0ry, there 15 an attract1ve 1nteract10n 1n the adj01nt channe1 6etween 5 and 
,4. 1f the adj01nt 0rder parameter  

5°,~jk (5.5) 

c0nden5e5, 1t can 6e expected t0 6reak the 9au9e 5ymmetry 1n a manner wh1ch 
adm1t5 n0 ••c0mp1ementary•• c0nf1nement 1nterpretat10n [5, 18]. (And 1ndeed, 1n the 
N ~ 00 11m1t, th15 channe1 15 a5 attract1ve 1n pertur6at10n the0ry a5 the channe1 5~JFj; 
1t t1e5 f0r the d15t1nct10n 0f 6e1n9 the m05t attract1ve channe1.) F0r examp1e, the 
adj01nt 0rder parameter  c0u1d 6reak 5 U ( N )  d0wn t0 the (n0nc0nf1n1n9) a6e11an 
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5U69r0Up U(1)N-~; the the0ry 15 then 1n a C0U10m6 pha5e. 7h15 Ch01Ce m19ht 6e 

5Upp0rted 6y a ••tUm611n9•• p1CtUre [4]: the adj01nt 0rder parameter m19ht f1r5t 6reak 

5U(N)  t0 5 U ( N  -- 1) X U(1). 7hen 5 U ( N  -- 1), 9ett1n9 5tr0n9 at a 5119ht1y 10Wer 5Ca1e 
m19ht 6eC0me 6r0ken t0 5 U ( N - - 2 ) X  U(1). And 50 0n. 

8Ut We Cann0t 5ay, 0n the 6a515 0f 0Ur 1ar9e-N ar9Ument5, eXaCt1y h0W the 9aU9e 
5ymmetry 15 rea112ed 1n the N ~ 00 11m1t. We Can 5ay 0n1y that the 5U(N)  9aU9e 

1nteraCt10n mU5t 6e C0nf1n1n9; there are phy51Ca1 5tate5 Wh1Ch are n0t 5U(N)  51n91et5. 

6. C0nc1u510n5 

1n 5ect. 5, we de5cr16e a ch1ra1 9au9e the0ry 1n wh1ch c010r fa115 t0 6e c0nf1ned 

1n the N ~ 00 11m1t. 7hat m0de1 d1ffer5 fr0m th05e c0n51dered ear11er 1n th15 paper 

1n that there 15 an attract1ve channe1 1n pertur6at10n the0ry 1n wh1ch a 6111near 

ferm10n c0nden5ate can f0rm that tran5f0rm5 a5 the adj01nt repre5entat10n 0f the 

9au9e 9r0up. 1f 5uch a c0nden5ate actua11y f0rm5, 1t can 6e expected t0 6reak the 

9au9e 5ymmetry 1n a manner wh1ch adm1t5 n0 c0mp1ementary c0nf1nement 1nterpre- 

tat10n [5, 18]. (7he c0nden5ate pre5erve5 a 2N 5ymmetry 6y wh1ch 5tate5 can 6e 

c1a551f1ed.) 7hu5, 6y appea11n9 t0 the 1 / N  expan510n, we have mere1y ver1f1ed 6y 

a n0npertur6at1ve ar9ument what m19ht have 6een na1ve1y expected 0n the 6a515 0f 
pertur6at10n the0ry. 

1n the m0de15 c0n51dered 1n 5ect5.3 and 4, h0wever, 1t 15 n0t p055161e t0 c0n5truct 
any 5ca1ar ferm10n 6111near wh1ch tran5f0rm5 tr1v1a11y under the center 2N 0f the 

9au9e 9r0up. 7he c0nden5at10n 0f a ferm10n 6111near 1n 0ne 0f the5e m0de15 5h0u1d 
adm1t a c0mp1ementary c0nf1nement 1nterpretat10n [5, 18]. 7hu5, 0ur a55umpt10n 

that a11 phy51ca1 5tate5 are c010r 51n91et5 5eem5 5en5161e, and the c0nc1u510n that 
the5e m0de15 c0nta1n ma551e55 c0mp051te ferm10n5 carr1e5 50me f0rce. 

Much rema1n5 t0 6e 1earned a60ut the n0npertur6at1ve dynam1c5 0f ch1ra1 9au9e 
the0r1e5. Pre5ent attempt5 t0 determ1ne h0w the5e the0r1e5 6ehave 1nv01ve 50me 

9ue55w0rk. 8ut we have f0und that f0rma1 ar9ument5 6a5ed 0n the 1 / N  expan510n 

pr0v1de re1nf0rcement f0r what m19ht 0therw15e 6e expected mere1y 0n the 9r0und5 
0f 51mp11c1ty, and put the5e expectat10n5 0n a f1rmer 6a515. 

0ne  0f u5 (J.P.) thank5 Dav1d Kap1an and Ann Ne150n, and tw0 0f u5 (R.D.P. 
and D.2.) thank 8ar6ara and Fr1d9er 5chrempp f0r u5efu1 d15cu5510n5. 
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