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COSMOLOGY OF THE INVISIBLE AXION 

John PRESKILL 1, Mark B. WISE 2 

Lyman Laboratory of  Physics, Harvard University, Cambridge, MA 02138, USA 

and 

Frank WlLCZEK 

Institute for Theoretical Physics, University of California, Santa Barbara, CA 93106, USA 

Received 10 September 1982 

We identify a new cosmological problem for models which solve the strong CP puzzle with an invisible axion, unrelated 
to the domain wall problem. Because the axion is very weakly coupled, the energy density stored in the oscillations of the 
classical axion field does not dissipate rapidly; it exceeds the critical density needed to close the universe unless fa <~ 1012 
GeV, where fa is the ~lxion decay constant. If this bound is saturated, axions may comprise the dark matter of the universe. 

Ever since the discovery [ 1 ] of  the CP-violating 
parameter 0 of  the strong interactions, the small value 
of  0 has posed a serious puzzle. Current experimental 
limits [2] on the electric dipole moment  of the neu- 
tron require [3] ~< 10 -9.  The small value of  O is natu- 
rally explained in models.with a spontaneously 
broken Peccei -Quinn symmetry [4], but the result- 
ing axion [5] has not  been seen. In a recently pro- 
posed variant of  the Peccei -Quinn scheme [6,7], the 
axion mass and its couplings to ordinary matter  are 
inversely proport ional  to the large vacuum expecta- 
tion value fa of an [SU(2) × U(1)] w-singlet scalar 
field. F o r f a  >~ 10 TeV, this axion is consistent with 
all known laboratory experiments,  but a more strin- 
gent constraint o n f a  comes from astrophysical con- 
siderations [8]. To suppress the power radiated in 
axions by the helium core of  a red giant star to an ac- 
ceptable level, it is required that fa ~> 109 GeV. Since 
fa must be very large anyway, one is tempted to sup- 
pose [7] that fa ~ 1015 GeV, the mass scale of  grand 
unification [9]. 

In this paper,  we point out a new cosmological 
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constraint on the "invisible" .axion satisfying 
fa ~ 109 GeV. Because the couplings o f  this axion 
are so weak, the energy density stored in the oscilla- 
tions of  the classical axion field does not  dissipate 
rapidly. To prevent this energy density from exceed- 
ing the critical density we must require fa ~ 1012 
GeV; the invisible axion must not  be too visible. The 
most interesting possibility is fa ~ 1012 GeV, for in 
that case a nondissipative, pressureless axion gas 
could constitute the dark matter  of the universe. 

The axion is a pseudo-Goldstone boson ; all o f  its 
couplings are suppressed by inverse powers of  the 
axion decay constant fa '  Its only nonderivative cou- 
pling, to t r (FF) ,  arises from the color anomaly of  the 
Peccei -Quinn current. In the effective field theory 
describing physics at energies be lowfa  , the action o f  
the nonlinearly realized U(1)po Peccei -Quinn sym- 
metry on the axion field a is 

a/fa ~ a/fa + O. (1) 

We have chosen to normalize fa so that a global rota- 
tion o f a / f  a is equivalent to a rotation of the QCD 
angle O;a/f a must therefore be regarded as a periodic 
variable with period 2rdV, where N is the number o f  
elements in the discrete subgroup of the U(1)po sym- 
metry group which is not  explicit ly broken by non- 
perturbative QCD effects. 
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In the standard big-bang cosmology, the axion is 
in thermal equilibrium at temperatures T?>fa.  At 
temperatures satisfying fa  >> T and H >> m a, where H 
is the Hubble parameter and m a is the axion mass, 
the axion is decoupled, and behaves like a free mass- 
less scalar field. Fluctuations in the angle a l l  a aver- 
aged over a volume X 3 are expected to be of  order one 
ff X exceeds the horizon size t. The fluctuations begin 
to red-shift away when the wavelength enters the ho- 
rizon [10] ; thereafter, they decay like 6a l l  a ~ k i t .  
Hence al l  a is approximately constant over length 
scales which are smaller than the horizon size, and as- 
sumes an arbitrarily chosen value which is typically 
of order one. In the new inflationary cosmology [ 11 ], 
the size o f  a causally connected region is enormous, 
and the background value o f  a l l  a can be effectively 
constant throughout the universe, provided that the 
inflation occurs after the spontaneous breakdown of  
the Peccei-Quinn symmetry. (There are fluctuations 
in the background value, due to the Hawking temper- 
ature.) The fluctuations about this background value, 
generated by reheating, are small. * 1 

The nonderivative couplings of  the axion can be 
described by an effective lagrangian 

= ½ (Oua)2 - f2m2aF(a/fa), (2) 

where F is a dimensionless function with period 27r 
and the Taylor expansion F ( x )  = ½x 2 + .. . .  (F is also 
a function of  the temperature T.) Because a l l  a is a 
periodic variable with period 27rN, the potential in 
eq. (2) h a s N  distinct minima, and if the axion field 
is at any one of these minima, 0 ~_ 0 and the CP vio- 
lation of  the strong interactions is acceptably small. 
However, as noted by Sikivie [12], i f N  > 1 we ex- 
pect the axion field to choose different minima in 
causally disconnected regions of space, giving rise to 
axion domains separated by walls, in conflict with 
standard cosmology [13]. 

* t If the axion fluctuations on all scales are in thermal equi- 
librium at the reheating temperature TRH, so that 
6a ~ (TRH/X)I/2 initially, then fluctuations entering the 
"horizon" H -1 at a lower temperature T axe larger than 
thermal fluctuations by the factor TRH/T; thermal equi- 
librium is not maintained by the expansion for X > H -I , 
because the axion is not conformaUy coupled. Averaging 
over a "horizon" volume, we have 6a2/f2a ~ (TRH/fa)2 
× (H/T). These fluctuations are very small, if TRG < fa 
and n -1 is much larger than a thermal wavelength. 

The problem pointed out by Sikivie can be avoided 
in various ways. Several authors have shown that it is 
possible to construct models in which N is effectively 
1, so that there are no domains [ 14]. Furthermore,  
in the new inflationary cosmology, it is expected that 
a l l  a is nearly constant throughout the visible universe, 
if the inflation occurs after the Peccei -Quinn sym- 
metry is spontaneously broken;  it is therefore pos- 
sible for the entire visible universe to lie within a 
single domain. 

But there is another possible cosmological problem 
with the axion which has not  been discussed previous- 
ly. Whether or not the axion potential in eq. (2) has 
multiple vacua, and whether or not the universe has 
undergone a period of  exponential  inflation, the ex- 
pectation value (a)  o f  the axion field has no reason 
to be at the minimum of  the potential  when the uni- 
verse cools to a temperature such t h a t H  ~ m a. Typi- 
cally, we expect  (a) ~ f a '  Thus, the axion field has a 
potential energy density of  order f 2 m 2 ,  and begins 
to oscillate coherently. 

There are two mechanisms by which the energy 
stored in these oscillations can be dissipated - Hubble 
expansion and particle production. We will show that,  
fo r fa  > 1013 GeV, neither mechanism can prevent 
the axion energy density from exceeding the critical 
density needed to close the universe, assuming that 
(a) ~)Ca initially. 

We first neglect particle production and analyze 
the effect of  the Hubble expansion ; it will be shown 
below that particle production really is negligible. 
Because the other modes red-shift away rapidly, we 
consider only the zero-momentum mode of the axion 
field. For values o f  (a) / f  a which are somewhat smaller 
than one, it is reasonable to approximate the potential  
in eq. (2) by the quadratic term, and the equation 
satisfied by the zero-momentum mode is 

d2(a)/dt 2 + 3H(t )d(a) /d t  + m2(t)(a)  = 0. (3) 

As will be described in more detail below, the axion 
mass m a varies as the temperature changes, so we 
have allowed it to be time-dependent in eq. (3). l f H  
and rha/m a are small compared to  ma, eq. (3 )has  an 
approximate solution of  the form 

(a) = A (t) cos(mat ), (4) 

where A (t) satisfies 

d(m a A 2)/dr = - 3 H ( m a A  2). (5) 
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Eq. (5) can be integrated, giving 

(maA 2)f/ (maA 2)i = (R f /R i ) -  3 , (6) 

where R is the Robertson-Walker scale factor. This 
result has a simple interpretation. The zero-momen- 
tum mode of  the axion field has energy density Pa = 
I ma A2 2, and may be regarded as a coherent state o f  
axion particles at rest with number density n a = 
½ ma A 2. Eq. (6) says that the number of  zero-momen- 
tum axiens per comoving volume in the expanding 
universe is conserved. This statement is true because 
we have aeglected axion interactions and have as- 
sumed f ia t  ma(t ) is so slowly varying that no addi- 
tional axions can be produced. Eq. (6) begins to ap- 
ply wherL the axion Compton wavelength comes 
within f ie "horizon" H -1. 

Using eq. (6), we can derive an expression for the 
axion energy density Pa as a function of  the photon 
temperature Tf, 

Oa = l (ma)i(ma)ff2a(Nf/Ni)3/4(Tf/Ti)3(Ai/fa)2" (7) 

Here N is the effective number of spin degrees o f  free- 
dom, and the factor (Nf/Ni)3/4 quantifies the effect 
of photon heating as the degrees of freedom freeze 
out. The amplitude A begins to decay according to 
eq. (6) when ma(t ) ~ 3H(t). Thus we expect that 
Ai/ fa  is of  order one when T i is chosen to satisfy 

ma(Ti) ~ 3H = (247rGp) 1/2 = 39T?/mp, (8) 

where m p =  1.2 × 1019 GeV is the Planck mass. [The 
radiation species contributing to p in eq. (8) are as- 
sumed to be photons, gluons, three neutrinos, two 
charged leptons, and three quark flavors.] If the tem- 
perature Tf is much smaller than the electron mass, 
we h a v e  (Nf/Ni) 3/4 ~ 0.13, recalling that neutrinos 
decouple before electron-posi tron annihilation. 
Therefore, combining (7) and (8) yields 

P a ~- 2.5 (f  a/mp)(maf a/ Ti)T~(A i/fa) 2 , (9) 

where m a is now the zero temperature value of the 
axion mass, and A.1/f a is expected to be of  order one. 

To proceed with the evaluation Of Pa using (9), 
we must solve eq. (8) for Ti; first we need to derive 
an expression for ma(T ). A global rotation of  al l  a is 
equivalent to a rotation of the QCD angle 0. There- 
fore, the axion mass can be calculated in terms of  the 
0-dependent free energy density as 

m2(T) = (1/f2)d2F(T, 0)/d0 2 [~=0- (10) 

At high temperature, the 0-dependent part of the free 
energy density can be computed in the dilute-instan- 
ton-gas approximation. Using the methods of  ref. 
[15], we find, for QCD with three quark flavors, 

ma(T ) ~ (2 X lO-2)(A2/fa)(mumdms/A3)l/2 

× (A/nT) 4 [9 ln(TrZ/A)] 3, (11) 

where mu,d, s are the quark masses, and A ~ 200 MeV 
is the QCD scale factor. 

At low temperature, the chiral symmetries o f  QCD 
are spontaneously broken, and the axion mass must 
be computed using the methods of  current algebra; 
rotating 0 causes the quark condensate to rotate also. 
Generalizing the calculation of  ref. [16], the result is 

m a = (1/fa)[mumd)l/2/(mu + md)]fTrm~r ' (12) 

assuming mu, d ~ m s and choosingf~ r = 93 MeV. To 
find the axion energy density today, we combine (9) 
and (12), making the substitutions Tf = 2.7 K and 
(mumd)l/2/(mu + md) ~ 0.5. After dividing by the 
critical density, Pc ~ 2 × 1 0  - 2 9  h2g c m  3, we obtain 

g2a = Pa/Pc 

= 107(fa/mp)(200 MeV/Ti)(Ai/fa)2h -2,  (13) 

where h is the Hubble constant in units of  100 km 
sec -1 Mpc -1. By solving (8) and (11), we find that 
T i is a slowly decreasing function Offa/m p which 
takes the value T i ~ 4A ~ 800 MeV for fa/m p 
4 X 10 -7. Therefore, the axion energy density ex- 
ceeds the critical density unless 

fa ~ 4 × 1012 GeV, (14) 

if A i r  a is of  order one. This bound is our main result. 
It has been implicit in the above discussion that 

the change in m a during the chiral phase transition 
can be regarded as adiabatic. The assumption is valid 
if the chiral phase transition is second-order in the 
chiral symmetry limit, for it is then very weakly first- 
order in the presence of small non-zero quark masses. 
If  the phase transition actually occurs suddenly, how- 
ever, ~2 a is larger by about a factor of four, and the 
limit on fa is correspondingly more stringent, 
fa ~ 1012 GeV. Other sources of  uncertainty are the 
Hubble constant h and the QCD parameter A = (200 
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MeV)X. Roughly, our result isfa ~< (4 X 1012 GeV) 
× h2X3/4 . 

It should also be noted that (14) was derived by 
assuming the initial value of (a ) / f  a to be of order one. 
In a conventional cosmological scenario, there are 
large fluctuations in a l l  a over distances exceeding the 
horizon size. The axion energy density begins to be- 
have like nonrelativistic matter when the axion 
Compton wavelength comes within the horizon, and 
it is unavoidably true that at this time the energy den- 

sity stored in the nonrelativistic axion modes is of 
order f 2 m 2  a * 2. In an inflationary cosmology in which 

the inflation occurs after the Peccei-Quinn symmetry 
is spontaneously broken, however, a l l  a can be ap- 
proximately constant throughout the visible universe. 
If its arbitrarily chosen value, which we expect to be 
of order one, happens to be small, the bound o n f  a 
can be relaxed. For example, i f f  a ~ 1015 GeV, the 
axion energy density is acceptably small for 
(A ~fa)2 < 1 0 - 3 , 3 .  Thus, for the value offa  sug- 
gested by grand unified theories, we are faced with a 
naturalness problem which is not quite so severe as 
the strong CP problem that the invisible axion is in- 
tended to solve. ,4 

Let us now examine whether the axion energy 
density can be dissipated by particle production [ 18]. 
Naively, particle production is insignificant, because 
the invisible axion with fa ~> 109 GeV has a lifetime 

#2 Another means of dissipating the axion energy density 
has been discussed by Vilenkin and Everett [17]. They 
propose that nearly all of the energy density is carried by 
oscillating pieces of domain wall bounded by strings, and 
that these oscillations are damped by the emission of grav- 
itational radiation. We expect that their mechanism can 
actually dissipate only a small fraction of the axion energy 
density, and hav e ignored it in our discussion. 

¢3 Reheating does not much affectAi/fa. If T i is the temper- 
ature at which the axion Compton wavelength becomes com- 
parable to the "horizon" size n "-1 , the fluctuations aver- 
aged over a "horizon" volume are 6a2/~a ~ (TRH/fa)2 
× (40Ti/mp) , which is quite small for TRH ~< fa" 

¢4 The grand unified axion may be made acceptable in yet 
another way, if inflation is used to avoid axion domain 
walls. In a model in which the PQ symmetry is spontane- 
ously broken at the GUT scale, we actually expect 
fa  ~ (1015 GeV)/N, where Z N is the subgroup of U(1)pQ 
which is not explicitly broken by nonperturbative QCD 
effects. We can make N large by incorporating into the 
model many superheavy fermions with PQ charges; for N 
sufficiently large, the constraint (14) can be satisfied. 

which far exceeds the age of the universe. However, 
the oscillating axion field represents a coherent 
space consisting of a large density of zero-momentum 
axions, and one wonders whether coherence effects 
can greatly amplify the rate at which this state decays. 
We will show that in fact the cosmological red shift 
prevents such coherence effects from substantially re- 
ducing the axion energy density. 

The two-photon decay mode of the axion, which 

is the dominant one at zero temperature, is forbidden 
for an axion at rest when T ~  6 keV(10 9 GeV/ fa)2 /3  , 
because the electron plasma frequency exceeds the 

1 photon energy ~m a. At higher temperatures, the dom- 
inant process that destroys zero-momentum axions 
is the 4a ~ 2a process, in which the energy of four 
zero-momentum axions is transferred to two axions 
with E = 2m a ; this energy can subsequently red-shift 
away harmlessly. The 4a -+ 2a process causes the 
axion zero-momentum mode to decay at the net rate 

(m 3a/ f2  )(A / f  a)6 n 2m a , (15~ F4a~2a 

where n2m a is the occupation number for the E = 
2m a modes. (This is the difference of the 4a ~ 2a 
rate and the rate for the inverse process.) In standard 
cosmology we expect n2m a ~ f2a/3m2 while H ~ 2m a. 
(In an inflationary scenario, n2m a is much smaller.) 
Subsequently, n2m a and A begin to decrease rapidly 
because of the Hubble expansion. Therefore, F4a~2 a 
never becomes as large asH, and the 4a ~ 2a process 
cannot significantly deplete the axion zero-momen- 

tum mode. 
Eventually, the universe cools to the point where 

the two-photon decay mode of the axion is allowed. 
At this point,  were it not for the cosmological red 

1 shift, induced emission would cause the E = ~m a 
photon modes to grow exponentially like e vt where 

[19] 

V ~ a ( A / f a ) m  a. (16) 

But this exponential growth is blocked by the red- 
shift if Fr  ~ 1, where r ~ F(HMa)-I  is the time re- 
quired for the band of width F of growing modes to 
be red-shifted by an amount of order F. The condition 

Fr  ~ a 2 ( A / f a ) 2 m a  H 1 ~ 1 (17) 

is well satisfied at all times. Thus, the photon modes 
do not grow exponentially, and the net a ~ 3'3' de- 
cay rate of the axion is 

130 



Volume 120B, number 1,2,3 PHYSICS LETTERS 6 January 1983 

a2(m 3/f2 In 

10 -24 yr  1(109 GeV/fa)5nv, (18) 

where n v = [exp(ma/2T ) - 1 ] -1  is a thermal occupa- 
tion number.  The axions produced in the early uni- 
verse are still around. 

The axion field is still oscillating coherently today,  
but  with a very small amplitude. From eq. (9) we can 
deduce that ,  when the photon temperature is 2.7 K, 
the ampli tude is 

A/fa~ 10-22(fa/109 GeV)l/2(100 MeV/Ti)l/2(Ai/fa ). 

(19) 
Therefore, although 0 is still oscillating today with 
frequency ma, the CP violation in the strong interac- 
tions is extremely small ; the Peccei -Quinn mecha- 
nism works. (Actually,  the CP violation in the weak 
interactions shifts the minimum of the axion poten- 
tial to 0 ~ 10 -14, in the Kobayashi -Maskawa [20] 
model.) 

The astrophysical and cosmological constraints on 
the axion together require 109 GeV ~<fa ~< 1012 GeV; 
if we wish to solve the strong CP problem by the 
Peccei -Quinn mechanism, there must be a symmetry-  
breaking scale in that range. Could the new physics 
associated with this symmetry-breaking scale be ex- 
perimentally accessible? One possibility is that there 
are other flavor symmetries,  besides the Pecce i -Quinn  
U(1) symmetry,  which are spontaneously broken at 
the scale )Ca" Thus there may be other  very weakly 
coupled Goldstone bosons besides the axion, perhaps 
including ones with generation nondiagonal couplings. 
For  example,  i f f a  ~ 1011 GeV, the branching ratios 
for/~ -+ e¢ and K + ~ 7r+~b, where ~ is a Goldstone 
boson, may not be far below current experimental  
limits. 

I f fa  is of  order 1012 GeV, we are led to entertain 
the possibility that axions make up a significant part 
of  the dark matter  of  the universe. An axion gas with 
~2 a ~ 1 behaves like dust; it is nondissipative and 
pressureless. , s  Fluctuations in the axion energy 

+5 The energy-momentum tensor of a coherent axion gas 
includes an oscillating pressure term, proportional to 
cos 2mat , which averages to zero. But it can be shown by 
explicit calculation that small fluctuations in the axion 
energy density grow like t 2/3 when the universe is domi- 
nated by axions; this is the same behavior as for nonrela- 
tivistic matter. 

density can begin to grow when the universe becomes 
matter  dominated by  axions at T ~ 10 eV, and these 
fluctuations can act as a seed for galaxy formation 
when ordinary matter  decouples from radiation at 
T ~  0.3 eV. 

Results very similar to ours have been obtained by 
Abbot t  and Sikivie [2]. We thank them, S. Hawking 
and A. Vilenkin for very helpful conservations. This 
research has been supported in part by the National 
Science Foundat ion under Grants. No. PHY77-22864 
and PHY77-27084, and by the Department o f  Energy 
under Contract No. DE-ACO3-81ER40050. 

Notes added. The astrophysical bound on fa  de- 
rived in ref. [8] has been reexamined by Fukugita et 
al. [22] who claim that the actual limit is fa ~> 
4 × 107 GeV. 

The result eq. (12) was previously derived by Dine 
et al. in ref. [6]. 
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