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2.1 Fidelit y

(@) Let us rst shaow that, given any matrix X, X¥YX and X XY have the
sameeigernvalues. Let jvi 6 0 be an eigervector of X ¥X, with nonzero
eigervalue ., i.e. X¥YXjvi = jvi; 6 0. Then,

X XY(Xjvi) = X (XYXjvi) = X ( vjvi) = v(Xjvi);

and X jvi 6 0since , 6 0, so Xjvi is an eigervector of X XY with the
eigervalue . This meansthat every nonzero eigervalue of X ¥X is an
eigervalue of X XY. By a similar argument, every nonzero eigervalue of
X X7V is an eigervalue of X YX . Therefore, X XY and X¥X have the same
nonzeroeigervalues. (Note: if X is square,XYX and X XY will alsohave
the samenumber of zero eigervalues, but this is not neededhere.)

Now, let X = AB where A, B are both Hermitian. Then, XYX =
(AB)Y(AB) = BAAB and X XY = (AB)(AB)Y = ABBA. From above,
BAAB and AB BA have the same nonzero eigervalues. Denoting their
nonzeroeigenvaluesasf g,

q___
tr (AB)Y(AB)

trpBAAB
X p__

- v

kAB ktr

\

q —
w" ABBA = tr (BA)Y(BA) = kBAKy

(b) First, note that, being part of a POVM, E; is positive, and henceit makes
senseto take itl'::, squareroot in dening A and B. Furthermore, E; is
hermitian, and  ; Ei = . Dening A, := l:inlz2 and B; := U~1:2Ei1:2
for eadh i, with U as someunitary, let us compute the individual pieces



in the Schwarz inequality (7):
trAYBi = tr (E[7)Y( 2YUL2E?
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tr E; FPut? o
trAYA; = tr(Ej7 172 267 = w( Ey);
rBYB; = tr (B2 +2UYUA2E?) = (£ )

From the de nition of Overlap( ), we have
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So,we have: Overlap(; +fE;g) jtr( F2U~172)].
(c) Polar decompsition, 472 172 = vP (IF2 =2)y(I72 172) = vP B3
V unitary, and letting U := V 1= VY,
jr( PVYAT) = jr (VYA )
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Putting this into the result from part (b), we have

pPp——— P
Overlap(; +fEjg) tr 12~1=2=" F(; :
(d) As suggestedby the hint, let us rst expressthe eigervaluesof a2 2
matrix M in terms of its trace and determinant.
a b

I\/lzcd;

tr((M) =a+ d;
det(M) = ad bc:



Eigenvalues  satisfy the characteristic equation:
det(M y=(a@ )d ) bc= 2 (a+d) +(ad bg=0
) 2 (M) + det(M) = O: (S1)
Solving this gives

1h P !
= 3 tr(M) (tr(M))2 4det(M) : (S2)

Notice that
+ + =tr(M) (S3)

and, from eq. (S1), 2 = tr(M) det(M), so

+ = % (++ )2 3— 2
- % (M2 [r(M)( ++ ) 2det(M)]
= det(M): (S4)

TakeM = 2~1%2 with = 3( +~ P)and ~= ( +~ Q). Then,
L h i
St (+~P) +~ Q)
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i (P+Q)+(~ P)(~ Q) :

tr(M) = tr( Y2~ 1%2) = tr(

Recallthat tr(~) = Oandtr[(~ P)(~ Q)] = trf[P Q+i~ (P Q)] = 2P Q,
then
tr(M) = 211(2+ 2P Q)= %(1+ P Q): (S5)

To nd the determinant, let us recall that, given any two matrices A and
B, det(AB) = det(A) det(B) = det(BA). Using this, we seethat we can
write:

det(M) = det( ™2~ 12) = det( ) = det( ) det(:

Writing out asa?2 2 matrix,

1 1+P, Py iPy

1
= PO Ryt d= s piip, 1 b,

the determinant is

det( ) %[(1+ POL P,) (P« iPy)(Pyx+ iPy)]
=2l PY) (P24 P2

= 21(1 P?):



Replacing P by Q, we also immediately seethat det(~ = }T(l Q?).
Hence,

det(M) = det( ) det(~) = %(1 P21 Q?): (S6)
Usingthe de nition of delit y, andletting  bethe eigervaluesof 172~ 172,
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2.2 Eavesdropping and disturbance

Before attempting the question, let us rst understand how the problem
is setup. Alice sendseither jui or jvi at random, and Bob wants to try his
bestto distinguish betweenthem. He cannot succeedwith probability 1 if
the two states are not orthogonal, asis the casehere: hujvi = sin2 6 0
for 0 < < 4. However, Bob can carry out a POVM sud that, if he
gets a conclusive result, he is always correct, but he also has a nonzero
probability of getting an inconclusive outcome (DON'T KNOW).

To always be correct when he gets a conclusiwe result, Bob measuresthe
state orthogonal to jui, call it j: ui, and the state orthogonal to jvi, j: vi.
In this way, if the detector for : u(: v) clicks, Bob knows it could not
have beenjui (jvi) and henceAlice sert jvi(jui). Thesetwo measuremets
are givenby F., / j:uih:uj and F., / j: vih: vj. Furthermore, since
Alice sendsjui or jvi with equal probability, we want the proportionalit y
constarts in both F. , and F., to be equal, say A. Writing the identity
as = juihuj + j: uih: uj = jvihvj + j: vih: vj, we seethat

FZU
FZV

Aj: uih: uj = A( juihuj);
Aj: vih: vj = A( jvihvj):

Now, for Bob to make a physical measuremen (POVM), his set of mea-
suremen operators must be complete. However, summing the two op-
erators we have so far, we seethat F. , + F., 6/ , sowe need a third
operator. This can be chosenjust preciselyto complete the set:

Fox =  (F.u+ F.y)= (1 2A) + A(juihuj + jvihvj);



(@)

(b)

with A chosenso that Bob gets a conclusive outcome with the maximal
probability, subjected to the constraint Fpk 0. Hence, the POVM
that Bob wants to perform is fF. ,;F. ;Fpk g, exactly as given in the
guestion. Notice that Fpk is symmetric in jui and jvi, sowe get a click in
the detector for DON'T KNOW with a probability that is equal for both
jui and jvi.

We want to maximize the probability that Bob getsa conclusive outcome,
and this is done by choosing the proportionality constart A as large as
possible. Howewer, there is a limit to how large A can be sothat Fpg
still remains 0. To seewhat the constraint on A is, let us work out the
eigervaluesof Fpk . Writing Fpk asa matrix, we have

_ T 1 A Asin2
Fok = (1 2A) + A(juihuj+ jvihvj) = Asin? 1 A
Using our expressionfor the eigervaluesof a2 2 matrix in terms of the
trace and determinant from problem 2.1, we seethat the eigervalues of
Fpk are:

q
=1 A) 1 A2 (1 A)?2+A?sin’2 = (1 A) Asin2

(note that A> Oandsin2 > 0for0< < 2). Fpk will be positive if
the smaller of its two eigervaluesis positive, i.e.

. 1
=1 A) Asin2 0 —_—
( ) ) 1+ sin2
Recall that we want A as large as possible, so we chooseto saturate the
upper bound: A = —%

l+sin 2 *

Eve measuresdn the fj 0i;jlig basis. If jui(jvi) wassert, shegets0(1) with
probability jhOjuij2 = co® and 1(0) with probability jhijuij2 = sin®> <
cog ,for0< < 7+ Therefore, it makessensefor Eve to sendjui on to
Bob if shegets0 and jvi if shegets 1.

For Bob, if jui wassert to him, hegets: u with probability tr( juihujF. ) =
hujF. yjui = 0, : v with probability hujF. ,jui = Acog 2 , and DK with
probability hujFpk jui = Asin?2 . Similarly, if jvi was sert, he gets: u
with probability A cog 2 , : v with probability 0, and DK with probability
Asin2 .

The probability tree for the full passageof the messagdrom Alice to Bob
looks like (probabilit y for eat route is marked on the arrows):



Summing up all the routes for which Bob gets an erroneousresult:

P (error) = %(sin2 Y(Acog2 )+ %(sin2 J(Acog2 )+ 0+ 0
= Asin> co¥2
sin® cog 2
1+ sin2
sin? (1 sin?2)
1+ sin2
sin> (1 sin2 ):

This tells us what fraction of the total number of messagesert by Alice
gets received by Bob wrongly becauseof Eve's interference. We can also
discussthis from another point of view, i.e. the probability of detecting
Eve's presence. Given either jui or jvi, Bob gets a conclusive outcome
with probability 1  P(DON'T KNOW) = Acog2 = (1 sin2 )1+
sin2 ) =1 sin2 . Therefore, the probability that Bob getserror given



that he gets a conclusive outcome (th us indicating Eve's presence)is

P(error) _ .,

P (errorjconclusive) = m =

2.3 Appro ximate cloning
(a) For easeof discussion,let us de ne the two statesj oi andj ;i as
r_ r_
- 2. 1 .. .
jO00 ag ¢ ! §JOO|AB jOic + 3 Ias jlic =
r = =
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. . 2. .. ... 1 .. .
jJ100 ag ¢ ! g]lllAslllc‘* 3 iag JOic =

wherej *i = pL (jO1i + j10i).

Physically realizable maps are unitaries (preseres inner products and
hence probabilities), either on the system or some extended space con-
taining the systemHilb ert space(this givesus CP maps after tracing out
the auxiliary part). Notice that h oj oi = 1= h 1j 1i, and h ¢j 1i = 0.
This tells us that the machine presenesinner products and norms of all
vectorsthat are in the linear span of jO00 and j10G. This suggeststhat
we might be able to implement the machine as a unitary on the Hilb ert
spaceof ABC, which is physically realizable. In fact, it is quite easyto
construct a unitary (call it U) that implemernts this machine. For instance,
supposewe extend the setfj oi;j 1ig in someway to a full basisfor the
8-dimensional three-qubit Hilbert space,sa fj iig/,. Then, U can be
the unitary change of basis map:

Ujciasc =] iiaBc

where fj ¢iiag c 9~ IS the computational basis for the three-qubit space,
with jC()iAB c = ]OOO ;jC]_iAB c = JlOO, etc.

(b) We canwrite the statej iag c as

i imBcC j 0ih00Q + j 1ih10G j iajOCigc

j oiascalOj+j 1iapcalj j ia:



Then, ¢ isjust given by tracing out BC from j ih j:

p=trgc j ih j
h

trec | oihQj+j 1ihlj j ih j jOih of + jlih 4]
h i
sc0Qj r{ 0ihQj + j 1ihlj j ihhj jOih o + jlih 4j rj1005}0+
i i i
+gch0Y ::: jOligc + gchlQy ::: j10igc + schllj ::: jlligc

MOOj iah jM())/O‘F M01j iah ]Mgl

+ Myoj iah jM{y+ Muyij iah jM}

where, in the last line, we have de ned the operators, i; j 2 f0;1g,
Mi == gchjj j oiaecalOj+] 1iagcahl :

Notice that the Mj; 's are exactly the Kraus operators we want. Putting
in the de nitions of j oi andj ii, we seethat

q— q-— q-—

] 2joihoj +  %jlihdj; Mop = q £i1inoj;
1joihyj; My = %j0ih0j+  2jlihdj:

Moo
M 10

Therefore, the quantum channel E acting on qubit A is given by the fol-
lowing operator-sum represeration:

X
E( )= Mj aM/
iij =0;1
with Mj 's as given above.

(c) Using the operator-sum represenation we obtained in part (b), and given
j ia = aj0ia+blig (assumednormalizedjaj?+ jbj? = 1), we can compute



(h.c. standsfor hermitian conjugate):

X
a=Ejihj)= Mijj i hijmy
ijj =0;1
r_ r !

bl (hic) + éjajzjlihlj

ol k|

= %ajOi +
1 r I r 3 !
+ éjbjszihOj + éajOi + ébjli (h:c)

= 2ja7joingj + TjtZi1ind + (ab j0inj + a bizing)
¥ %(Jaizjlihlj + jb%j0in0j) + —éjaJ'ZJ'OihOj + gjbjzjlihlj

= 2(ai?joino; + jb?j2ihaj) + 2(ab j0inj +  bizihoj)
+ Z(aj?iihaj + jti%j0ino)

=% h g

Notice that this output is exactly that of the depolarizing channel dis-
cussedin classwith p = %, so the Kraus operators we obtained in part
(b) is an alternativ e description of the channel. You can ched that it is
unitarily related to the set of Kraus operators for the depolarizing channel
from class.

Having found $, it is very simpleto evaluate the delit y with 5 =j ih j:

2 1 5

= i0i =24 2-==-

F=hjaji 3% &
i.e. we can"clone" any state of qubit A with delit y g using this machine
together with two additional qubits (B and C), both initialized to the jOi

State.

2.4 Hardy's theorem

(@) To gure out what the basisfj' i;j' ?ig is, let us rst understand why, if
both Bob and Claire measurein the basisfj 0i;jlig, they get the results
as stated in the question. We are given the state they share:

i (ise="T ZXj00igc+ " X0lige + " Xjl0igc:

Notice that this state is symmetric in Bob and Claire, soany statemert we
can make about the outcome of Claire's choice of measuremet, giventhe
outome of Bob's measuremet, is alsotrue when their roles are reversed.



(b)

(©

Suppose both Bob and Claire measurein the fj 0i;jlig basis. We can
re-expressj igc as

i isc = j0is "1 Xj0ic + "Xjlic +jlis "Xj0ic :  (S7)
which immediately tells us that, if Bob gets 0, Claire can get either 0 or

1, but if Bob gets 1, Claire always gets 0, as stated in the question.

Now, what if Claire measuresin the fj' i;j' 7 i basiswhile Bob still mea-
suresin the fj Oi;jlig basis? We are told that if Bob gets 0, Claire always
gets' . The only way this can happen is if Claire's state is ' i when Bob
measures0, and looking at eq. (S7), this immediately tells us that

i P T 0 + P
It is easyto seewhat the orthogonal state j' 7 i must look like:
p

i"%il T Xjoi Pi 2xj1i:

Normalizing both states, we seethat

The probability that both Bob and Claire get' ? if they both measurein
the fj' i;j' ”ig basisis given by

2
P(x) s 7jcH7j | (i

- — 2
sl 7jchH7j pl mmaric+pmu5mm

x H2j1i % H?jo
x2(1  2x)
(1 x)?

Giventhat 0 X % from our answer in part (b), we can seethat
P(x) 0, asshould be the casefor a probability, and P(0) = 0= P(%).
Furthermore, since P(x) is a cortinuous function, any extremal points
betweenx = 0 and x = % must be a maximum point.

To nd the extremal points of P(x), we considerthe rst derivative:

dP(x) _ (1 x)2[2x(1 2x) 2x%+ 2x3(L 2x)(1 Xx)
dx 1 x)*
_O2X(x? 3+ 1)
a0
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(d)

For extremal points, d—z = 0, so

x(x?  3x+ 1)

3p§:

NI~ O

) Xx=0 or X

Now, we know that P(0) = Ops_ox = 0is not the maximum point, and

since0 X % X = (3 5)=2 gives the maximum, and hence the
maximal violation is

P, P

p @ Poo =B @5 4
N

= %11 0:0902

Bob and Claire can ead make oneof two possiblemeasuremets: measure
either in the fj 0i;jlig basisor in the fj' i;j' ?ig basis. Now, these two
measuremets are non-commmuting for 0< x < 3, i.e. the measuremen
operators fj 0ihQj; j1i; hljg for the rst measuremenh do not commute with

those of the secondmeasuremen fj ' ih' j;j' 7 ih' ? jg. This meansthat the
two measuremets cannot be simultaneously diagonalized,i.e. they do not

have simultaneous eigenstates,which we recall from elemenary quantum

mechanics, is the languagerequired for discussingjoint outcomesof the
two measuremets for either Bob or Claire alone.

Albert's argumert involvesreasoningabout four di erent two-party mea-
suremerts: both measurefj' i;j' 7ig, both measurefj 0i;jlig, Bob mea-
suresfj 0i; j1lig and Claire measuredj ' i;j' 7 ig, and Bob measuredj ' i;j' *
and Claire measuresfj 0i;jlig. Looking at any two of these two-party
measuremets, we seethat there is always at least one party, either Bob
or Claire, who has to do two mutually exclusive (i.e. non-commnuting)
measuremets, and hence,all four two-party measuremets are mutually
non-commnuting. There is hence no simultaneous information regarding
all four measuremets, and here is where Alb ert's reasoninggoeswrong -
he tries to draw a logical conclusionfrom reasoningabout the joint out-
comesof all four measuremets even though it is not physically possible
to perform all four measuremeits simultaneously and independertly. An-
other way of expressingthis is to say that Albert's reasoningassumesan
objective reality assaiated with all four measuremets, but sincethey are
mutually exclusive measuremets, there is no such objective reality.
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