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Last time we considered the requirements for fault-tolerant quantum gates that act nontrivially on the codespace of a 
quantum error-correcting code. In the special case of a code that corrects t=1 error, the requirements are:

-- if the gate gadget is ideal (has no faults) and its input is a codeword, then the gadget realizes the encoded 
operation U acting on the code space.
-- if the gate gadget is ideal and its input has at most one error (is one-deviated from the codespace), then the 
output has at most one error in each output block.
-- if the gate has one fault and its input has no errors, then the output has at most one error in each block (the errors 
are correctable).

We considered the Clifford group, the finite subgroup of the m-qubit unitary group generated by the Hadamard gate 
H, the phase gate P (rotation by Pi/2 about the z-axis) and the CNOT gate. For a special class of codes, the 
generators of the Clifford group can be executed transversally (i.e., bitwise). The logical U can be done by applying a
product of n U (or inverse of U) gates in parallel (where n is the code's length). If we suppose that the number of 
encoded qubits is k=1, then:

-- the CNOT gate is transversal for any CSS code.
-- the H gate is transversal for a CSS code that uses the same classical code to correct X errors and Z errors. 
-- the P gate is transversal if the stabilizer generators have weight a multiple of 4, and the logical Pauli operators X 
and Z have weight = 1 (mod 4), or have weight = 3 (mod 4).  (In the latter case we do the transversal inverse of P to 
execute the logical P.)

In particular, Steane's [[7,1,3]] code has all of these properties, so we can do Clifford group computation 
transversally for that code. Transversal operations are fault tolerant: they don't propagate errors from one qubit in a 
block to another qubit in the same block, and a single faulty gate damages at most one qubit in each block.

Of course, the Clifford group is discrete so that the Clifford generators are not a universal gate set for quantum 
computing; in fact Clifford group computation can be simulated efficiently on a classical computer. So we need to 
consider how to augment our fault-tolerant Clifford gates with another gate that completes a universal set. But before 
we do that, let's generalize the observation that we can do Clifford group computation fault tolerantly. We will show 
this is possible for any stabilizer code. 

Specifically, we will show  (an observation that has useful applications even beyond the study of fault-tolerance):
The following operations suffice for realizing the Clifford group:
-- preparing the Z eigenstate |0>.
-- applying the Pauli operators X, Z to any qubit.
-- measuring weight-1 Pauli operators X, Y and measuring weight-two Pauli operators XX, ZZ, ZX.

This observation is useful in the study of fault tolerance because, for any stabilizer code, any logical Pauli operator 
can be realized as a Pauli operator (a tensor product of Pauli matrices) which is fault tolerant (r faults cause at most 
r errors in the block). Furthermore, we have seen that Pauli operators can be measured fault tolerantly, e.g. by using 
the cat-state method, repeating measurements, and doing majority voting on the observed outcomes. This is true 
even for the measurement of the tensor product of two logical Pauli operators in the same code block, since the 
weight-two logical Pauli operator is also just a tensor product of Pauli operators acting on qubits in the block.

As we already saw last time, since Clifford gates acting by conjugation take Pauli operators to Pauli operators, it is 
quite convenient to describe these gates in the "Heisenberg picture" -- i.e., in terms of their action on operators 
rather than states. 





And ... if the state preparations and measurements can be done fault tolerantly, so can the CNOT gate, if 
we insert an error correction state after each preparation or measurement. Furthermore, we can apply a 
CNOT gate from any encoded qubit in the control block to any encoded qubit in the target block, as long as 
we can measure the corresponding weight-two logical Pauli operators. 

Next, a circuit for the Hadamard gate H:





Now we have seen how to apply fault-tolerant Clifford group gates for any stabilizer code (since we can do 
Pauli operators, Pauli operator eigenstate preparations and Pauli operator  measurements fault-tolerantly).



But how do we go beyond the Clifford group and complete a universal fault-tolerant logical gate set? One thing we 
should recognize is that we cannot expect to be able to do all the logical gates in a universal set transversally. If the 
transversal operations that preserve the code space are actually universal, then these operations surely are a 
continuous set, so we can consider the infinitesimal operations in this set --- those that are very close to the identity 
operation. Because a transversal operation acting on a length-n codeblock is a product of n operations, each of which 
acts on only one qubit in the codeblock, an infinitesimal transversal operation V has the form



To complete the universal logical gate set, we will instead borrow the idea we have used to make error 
correction fault tolerant, and also to realize Clifford gates for arbitrary stabilizer codes. We prepare "offline" a 
special encoded ancilla state that can be verified, then use joint measurement on the data block and the ancilla 
to realize the desired gate. The principle behind this strategy is that it is easier to verify a known quantum state 
than to certify that a known unitary transformation has been properly applied to an unknown state. If the 
verification of the state fails, we can either repair the state or discard it and attempt to prepare again, without 
endangering the data.

When we think about how to complete the fault-tolerant gate set, it is useful to keep in mind a hierarchical 
classification of unitary gates --- the C_r classification.








