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Problem Set 3 Solutions

Prepared by Jim Harrington (jimh@its.caltec h.edu)

3.1 Whic h state did Alice mak e?

Alice preparesat random one of two possiblestates (equiprobably),
either j i = cos� j0i + sin � j1i or j ~ i = sin � j0i + cos� j1i . In part d of
Exercise2.1, we found that the optimal POVM to distinguish between
thesestates consistedof the projectors j0ih0j and j1ih1j.

Let M 0 = j� 0ih0j and M 1 = j� 1ih1j with arbitrary normalized vectors
j� 0i and j� 1i . Theseare measurement operators for implementing the
optimal POVM to distinguish which state Alice prepared:

M 0
yM 0 = j0ih� 0j� 0ih0j = j0ih0j

M 1
yM 1 = j1ih� 1j� 1ih1j = j1ih1j

If Eve performs this measurement before it reaches Bob, then he re-
ceivesone of the states

� 0 =
X

i

M i j ih jM i
y = cos2 � j� 0ih� 0j + sin2 � j� 1ih� 1j

~� 0 =
X

i

M i j ~ ih ~ jM i
y = sin2 � j� 0ih� 0j + cos2 � j� 1ih� 1j

depending on whether Alice sent j i or j ~ i .

Eve wants to minimize the \disturbance" D = 1 � 1
2(F + ~F ) to maxi-

mize the average�delit y of the state received by Bob.

a) We can calculate these�delities:

F = h j� 0j i

= cos2 � h j� 0ih� 0j i + sin2 � h j� 1ih� 1j i
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F = cos2 � h� 0j ih j� 0i + sin2 � h� 1j ih j� 1i

~F = h j� 0j i

= sin2 � h~ j� 0ih� 0j ~ i + cos2 � h~ j� 1ih� 1j ~ i
~F = sin2 � h� 0j ~ ih ~ j� 0i + cos2 � h� 1j ~ ih ~ j� 1i

Then we can add thesetogether:

F + ~F = cos2 � h� 0j ih j� 0i + sin2 � h� 1j ih j� 1i +

sin2 � h� 0j ~ ih ~ j� 0i + cos2 � h� 1j ~ ih ~ j� 1i

= h� 0j
h
cos2 � j ih j + sin2 � j ~ ih ~ j

i
j� 0i +

h� 1j
h
sin2 � j ih j + cos2 � j ~ ih ~ j

i
j� 1i

F + ~F = h� 0jAj� 0i + h� 1jB h� 1j

where

A = cos2 �
�

cos2 � sin � cos�
sin � cos� sin2 �

�
+

sin2 �
�

sin2 � sin � cos�
sin � cos� cos2 �

�

=
�

(1 � sin2 � ) cos2 � (1 � sin2 � ) sin � cos�
(1 � sin2 � ) sin � cos� sin2 � cos2 �

�
+

�
(1 � cos2 � ) sin2 � sin3 � cos�

sin3 � cos� sin2 � cos2 �

�

A =
�

1 � 2sin2 � cos2 � sin � cos�
sin � cos� 2sin2 � cos2 �

�

B = sin2 �
�

cos2 � sin � cos�
sin � cos� sin2 �

�
+

cos2 �
�

sin2 � sin � cos�
sin � cos� cos2 �

�

=
�

sin2 � cos2 � (1 � cos2 � ) sin � cos�
(1 � cos2 � ) sin � cos� (1 � cos2 � ) sin2 �

�
+

�
sin2 � cos2 � sin � cos3 �
sin � cos3 � (1 � cos2 � ) cos2 �

�

B =
�

2sin2 � cos2 � sin � cos�
sin � cos� 1 � 2sin2 � cos2 �

�
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b) Note that Ay = A and B y = B are Hermetian operators, so they
can be diagonalized. In part d of Exercise 2.3, we found that the
eigenvaluesof a 2 � 2 matrix M can be expressedin terms of its trace
and determinant:

f � i g =
�

1
2

�
tr M �

q
(tr M )2 � 4det M

��

Also note that tr A = tr B = 1 and det A = det B , so they have the
same(real) eigenvalues.

Let f � i g and fj ai ig be the eigenvaluesand eigenvectors of A. As long
as A is nonsingular (i.e., det A 6= 0), then we can expand j� 0i =
c0ja0i + c1ja1i in this eigenbasis. We can then calculate:

h� 0jAj� 0i =
�

c�
0ha0j + c�

1ha1j
� 1X

i =0

jai i � i hai j
�

c0ha0j + c1ha1j
�

h� 0jAj� 0i = � 0jc0j2 + � 1jc1j2

This is just a weighted sum of the eigenvalues of A. Without loss
of generality, we can assumethat � 0 � � 1. Then we maximize the
expressionh� 0jAj� 0i by choosing j� 0i such that jc0j = 1 and jc1j = 0.
The maximal value of h� 0jAj� 0i is simply the max eigenvalue of A.

Similarly, the optimal choice for j� 1i will set the expressionh� 1jB j� 1i
equal to the max eigenvalue of B (which is the max eigenvalue of A).

From above, � max = 1
2(1 +

p
1 � 4det A). The minimal disturbance

that can be attained is:

Dmin = 1 �
1
2

(opt h� 0jAj� 0i opt + opt h� 1jB j� 1i opt )

= 1 �
1
2

(� max + � max )

= 1 � � max

Dmin =
1
2

(1 �
p

1 � 4det A)

We can rewrite A in terms of � , given cos� = sin(2� ):

A =
�

1 � 1
2 sin2(2� ) 1

2 sin(2� )
1
2 sin(2� ) 1

2 sin2(2� )

�
=

�
1 � 1

2 cos2 � 1
2 cos�

1
2 cos� 1

2 cos2 �

�
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Then det A = ( 1
2 cos2 � � 1

4 cos4 � ) � ( 1
4 cos2 � ) = 1

4(cos2 � � cos4 � ), so
Dmin = 1

2(1 �
p

1 � cos2 � + cos4 � ).

c) We can plot Dmin (x) = 1
2(1 �

p
1 � x + x2) with x = cos2 � .
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When cos� = 1, the initial states j i and j ~ i are indistinguishable,
so regardlessof whether Eve measuresor not, Bob can't extract any
information about which state Alice prepared. This meansthat Bob
can't detect Eve's interference,so there's no measureabledisturbance.

When cos� = 0, the initial states are orthogonal, so Eve can per-
form the optimal POVM in the basisfj 0i ; j1ig and learn about Alice's
preparation without disturbing the state. If shepassesit along to Bob,
there is no measureabledisturbance in this case.This is precisely the
di�cult y of using classical(orthogonal) states for securecommunica-
tion { how do Alice and Bob know if there was an eavesdropper?

The largest value for D min is achieved for x = 1
2 , which corresponds

to � = cos� 1
�

1p
2

�
= �

4 . This is the usual choice of states for a

quantum key distribution scheme, such as BB84, in which Alice and
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Bob want to create a shared private string of bits, while maximizing
the amount of disturbance an eavesdropper would causeon averageto
learn the values of those bits during transmission. We'll study more
about quantum cryptography later in the course.

For this choice of preparations, we can calculate:

Dmin (x) = 1 �
p

1 � x + x2

Dmin (x =
1
2

) = 1 �

r

1 �
1
2

+
1
4

Dmin (x =
1
2

) = 1 �

r
3
4

Dmin (x =
1
2

) � :067

(perror )optimal =
1
2

(1 � sin � )

(perror )optimal =
1
2

(1 �
1

p
2

)

(perror )optimal � :146

3.2 Master equation for the dep olarizing channel

The master equation for an open quantum system can be written as

_� = � i [H ; � ] +
X

�

�
L � �L �

y �
1
2

L �
yL � � �

1
2

�L �
yL �

�

where the f L � g are the Lindblad jump operators.

a) For the depolarizing channel acting on a qubit, the Lindbald operators

are f L � g = f
q

~�
3 � 1;

q
~�
3 � 2;

q
~�
3 � 3g. The master equation becomes:

_� = � i [H ; � ] +
~�
3

X

�

�
� � �� �

y �
1
2

� �
y� � � �

1
2

�� �
y� �

�

= � i [H ; � ] +
~�
3

3X

� =1

�
� � �� � �

1
2

I � �
1
2

�I
�
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= � i [H ; � ] +
~�
3

3X

� =1

(� � � � � � � )

_� = � i [H ; � ] +
~�
3

0

@
3X

� =1

� � �� �

1

A � ~� �

Applying the Bloch parameterization � = 1
2

�
I + ~P � ~�

�
, we calculate:

� � �� � =
1
2

� �

�
I + ~P � ~�

�
� �

=
1
2

� � � � +
1
2

� �

3X

j =1

Pj � j � �

=
1
2

I +
1
2

� �

3X

j =1

Pj (2� j � I � � � � j )

=
1
2

I + P� � � �
1
2

3X

j =1

Pj � � � � � j

� � �� � =
1
2

I + P� � � �
1
2

~P � ~�

3X

� =1

� � �� � =
3
2

I +
3X

� =1

P� � � �
3
2

~P � ~�

=
3
2

I �
1
2

~P � ~�

= 2I �
1
2

�
I + ~P � ~�

�

3X

� =1

� � �� � = 2I � �

The master equation now becomes

_� = � i [H ; � ] +
~�
3

0

@
3X

� =1

� � � � �

1

A � ~� �

= � i [H ; � ] +
~�
3

(2I � � ) � ~� �

= � i [H ; � ] +
~�
3

(2I � 4� )
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= � i [H ; � ] �
4~�
3

�
� �

1
2

I
�

_� = � i [H ; � ] � �
�

� �
1
2

I
�

where we de�ne � � 4
3

~�.

b) Now considera Hamiltonian of the form

H =
!
2

n̂ � ~� =
!
2

0

@
3X

j =1

n j � j

1

A

where n̂ is a unit vector.

Again, we can apply the Bloch parameterization:

� =
1
2

�
I + ~P � ~�

�
=

1
2

 

I +
3X

k=1

Pk � k

!

The master equation can be rewritten as:

_� = � i [H ; � ] � �
�

� �
1
2

I
�

1
2

 
3X

k=1

_Pk � k

!

= � i

2

4 !
2

0

@
3X

j =1

n j � j

1

A ;
1
2

 

I +
3X

k=1

Pk � k

! 3

5

� �

 
1
2

 

I +
3X

k=1

Pk � k

!

�
1
2

I

!

= �
i!
4

3X

j =1

3X

k=1

[n j � j ; Pk � k ] �
�
2

3X

k=1

Pk � k

= �
i!
4

3X

j =1

3X

k=1

n j Pk (2i� j kl � l ) �
�
2

3X

k=1

Pk � k

1
2

 
3X

k=1

_Pk � k

!

=
!
2

3X

j =1

3X

k=1

� j kln j Pk � l �
�
2

3X

k=1

Pk � k
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The linear independenceof the Pauli matrices � 1; � 2; � 3 allows us to
read o� three di�eren tial equations (for l = 1; 2; 3):

_Pl � l = !
3X

j =1

3X

k=1

� j kln j Pk � l � � Pl � l

Since� j klA j Bk = ( ~A � ~B ) l is the l-th component of the crossproduct
of vectors ~A and ~B , then we can combine the three equations above
into a single master equation for the Bloch polarization vector ~P:

_~P = !
�

~n � ~P
�

� � ~P

c) Alice decidesto apply one of the two Hamiltonians

H =
!
2

� 3 ; H 0 = 0 ;

and Bob is to guesswhich Hamiltonian Alice chose.

Suppose that Bob's supply of qubits are prepared with polarization
~P0 = (P1(0); P2(0); P3(0)) = (1; 0; 0). We can apply the form of the
master equation found in part b to determine how the qubits evolve
under the Hamiltonian H , which is described by unit vector n̂ =
(0; 0; 1). Note that we can treat H 0 as a special caseof H with ! set
to zero.

_~P = !
�

~n � ~P
�

� � ~P
�

_P1; _P2; _P3

�
= ! [(0; 0; 1) � (P1; P2; P3)] � � (P1; P2; P3)

= ! (� P2; P1; 0) � � (P1; P2; P3)
�

_P1; _P2; _P3

�
= (� ! P2 � � P1; ! P1 � � P2; � � P3)

The last component givesus:

_P3 = � � P3 =) P3(t) = e� � t P3(0) = 0

If the initial polarization had a third component, it would decay expo-
nentially (under either choice of Hamiltonian by Alice), but for Bob's
preparation, the third component is �xed at zero.
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The �rst two components of the di�eren tial equation above can be
combined as:

� _P1
_P2

�
=

�
� � P1 � ! P2

� � P2 + ! P1

�

� _P1
_P2

�
=

�
� � � !
! � �

� �
P1

P2

�

We can �nd the eigenvectors and eigenvaluesof this matrix:
�

� � � !
! � �

� �
1
i

�
=

�
� � � i!
! � i �

�
= � [� + i! ]

�
1
i

�

�
� � � !
! � �

� �
1

� i

�
=

�
� � + i!
! + i �

�
= � [� � i! ]

�
1

� i

�

This leadsto the following two relations:

P1(t) + iP2(t) = e� [� � i! ]t (P1(0) + iP2(0)) = e� [� � i! ]t

P1(t) � iP2(t) = e� [�+ i! ]t (P1(0) � iP2(0)) = e� [�+ i! ]t

Adding and subtracting thesetwo equationsyields:

2P1(t) = e� � t �
ei! t + e� i! t � =) P1(t) = e� � t cos(! t)

2iP2(t) = e� � t �
ei! t � e� i! t � =) P2(t) = e� � t sin(! t)

Then the polarization vectorsunder H and H 0 (setting ! to zero) are:

~P(t) = (e� � t cos(! t); e� � t sin(! t); 0)
~P0(t) = (e� � t ; 0; 0)

d) Bob wants to perform an optimal measurement to distinguish between
density operators

� (t) =
1
2

h
I + ~P(t) � �

i
; � 0(t) =

1
2

h
I + ~P0(t) � �

i
;

which are assumedto be equiprobable.
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In Exercise2.1, weworked out that the optimal POVM for distinguish-
ing between� and � 0 consistsof two nonnegative Hermitian operators
E 1 and E 2 = I � E 1, where E 1 projects onto the (normalized) eigen-
vectors of 1

2(� � � 0) with associated negative eigenvalues.

We can calculate:

� � � 0 =
1
2

h
I + ~P(t) � �

i
�

1
2

h
I + ~P0(t) � �

i

=
1
2

�
1 + P3 P1 + iP2

P1 � iP2 1 � P3

�
�

1
2

�
1 + P0

3 P0
1 + iP 0

2
P0

1 � iP 0
2 1 � P0

3

�

=
1
2

�
0 e� � t ei! t

e� � t e� i! t 0

�
�

1
2

�
0 e� � t

e� � t 0

�

� � � 0 =
1
2

e� � t
�

0 ei! t � 1
e� i! t � 1 0

�

The eigenvaluesof 1
2(� (t) � � 0(t)) are given by:

0 = � 2 �
�

1
4

e� � t
� 2 �

ei! t � 1
� �

e� i! t � 1
�

= � 2 �
1
16

e� 2� t �
2 � ei! t � e� i! t �

0 = � 2 �
1
8

e� 2� t (1 � cos(! t))

� � = �
1

2
p

2
e� � t

p
1 � cos(! t)

� � = �
1
2

e� � t sin
�

! t
2

�

With a little work, we can �nd the eigenvectors of 1
2(� (t) � � 0(t)) as:

jê� i =
1

p
2

�
� i
e

i! t
2

�

jê+ i =
1

p
2

�
i

e
i! t

2

�

The optimal POVM at time t consistsof projectors onto this eigenba-
sis. Bob then distinguishesbetweenH and H 0 basedon whether the
result of his measurement is positive or negative.
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We can also calculate the optimal error probabilit y from the formula
in Exercise2.1:

(pe)opt (t) =
1
2

+
X

neg

� i =
1
2

�
1
2

e� � t
�
�
�
� sin

�
! t
2

� �
�
�
�

e) Bob wants to determine the best time to perform this measurement.
The decoherencepieceof the master equation causesthe exponential
decay in the secondterm of (pe)opt (t) above. To minimize the probabil-
it y of error, Bob should measureas quickly as possible,while allowing
enough time for the qubit to precessunder the Hamiltonian H , if
present. This suggeststhat he should measureno later than t = �

! ,
which is the time when the sinusoidal piecereaches its �rst peak. We
can then drop the absolute value on the sin term to �nd t best.

0 =
d
dt

(pe)opt (t)

0 =
d
dt

1
2

�
1 � e� � t sin

�
! t
2

��

= � e� � t sin
�

! t
2

�
�

!
2

e� � t cos
�

! t
2

�

= � e� � t
�
� sin

�
! t
2

�
�

!
2

cos
�

! t
2

��

0 = � � e� � t cos
�

! t
2

� �
tan

�
! t
2

�
�

!
2�

�

We �nd that the minimum of (pe)opt (t) is achieved when:

0 = tan
�

! tbest

2

�
�

!
2�

tbest =
2
!

tan� 1
� !

2�

�

For ! � �, the rate of precessionis much faster than the rate of
decoherence.We expect that Bob should be able to wait until t � �

!
for the optimal measurement. Indeed, tbest � ( 2

! )( �
2 ) = �

! , because
tan� 1(x) ! �

2 as x ! 1 .

For � � ! , the decoherencedominates the measurement strategy.
Sincetan(x) � x for small x, it follows that tan � 1(x) � x for small x.
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Then tbest � ( 2
! )( !

2� ) = 1
� . In this case,the best time for measuringis

when the amplitude of the qubit's polarization vector has shrunk by
a factor of about

� 1
e

�
. Note that tbest 6= 0 (in fact, the measurement

would be pointless at t = 0).

3.3 Amplitude damping in the Heisen berg picture

In the Heisenberg picture, statesare �xed and observablesevolve over
time. The dual master equation for an oberservable A is given by

_A = � i [H ; A ] +
X

�

�
L �

yAL � �
1
2

L �
yL � A �

1
2

AL �
yL �

�

where the L � are Lindblad jump operators. In this problem, there is
only onejump operator a

p
�. The annihilation and creation operators

obey the commutation relation
�
a; ay

�
= 1, which we can also write

as aa y = 1 + aya.

a) Let A nm = (ay)n (a)m for nonnegative integersm and n. With the free
Hamiltonian H set to zero, we can �nd the evolution of the operator
A nm as given by the master equation.

_A nm =
X

�

�
L �

yA nm L � �
1
2

L �
yL � A nm �

1
2

A nm L �
yL �

�

= ay
p

� A nm a
p

� �
1
2

ay
p

� a
p

� A nm �
1
2

A nm ay
p

� a
p

�

= �
�

ayA nm a �
1
2

ayaA nm �
1
2

A nm aya
�

_A nm = �
�

ay(ay)n (a)m a �
1
2

aya(ay)n (a)m �
1
2

(ay)n (a)m aya
�

For this expressionto be normal-ordered (that is, having all the a y's
to the left of all of the a's in each term), then we needto commute an
annihilation operator through n creation operators, and commute a
creation operator through m annihilation operators. Let us �rst prove
the following two lemmasby induction.

a
�

ay
� n

=
�

ay
� n

a + n
�

ay
� n� 1

(a)m ay = ay (a)m + m (a)m� 1
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Note that the lemmasreduceto the commutation relation of a and a y

for n = 1 and m = 1, which establishesour basecase. Next, suppose
that they hold for somepositive integers j and k.

a
�

ay
� j

=
�

ay
� j

a + j
�

ay
� j � 1

a
�

ay
� j

ay =
�

ay
� j

aay + j
�

ay
� j � 1

ay

a
�

ay
� j +1

=
�

ay
� j h

1 + aya
i

+ j
�

ay
� j

=
�

ay
� j

+
�

ay
� j

aya + j
�

ay
� j

a
�

ay
� j +1

=
�

ay
� j +1

a + (j + 1)
�

ay
� j

(a)k ay = ay (a)k + k (a)k� 1

a (a)k ay = aay (a)k + ka (a)k� 1

(a)k+1 ay =
h
1 + aya

i
(a)k + k (a)k

(a)k+1 ay = ay (a)k+1 + (k + 1) (a)k

Given that the lemmashold for j and k, they also hold for j + 1 and
k + 1, so by induction they hold for all positive integers. We can now
apply them to simplify our di�eren tial equation:

_A nm = �
�

ay(ay)n (a)m a �
1
2

aya(ay)n (a)m �
1
2

(ay)n (a)maya
�

= �
�

ay(ay)n (a)m a �
1
2

ay
� �

ay
� n

a + n
�

ay
� n� 1

�
(a)m

�
1
2

(ay)n
h
ay (a)m + m (a)m� 1

i
a

�

= �
�

(ay)n+1 (a)m+1 �
1
2

(ay)n+1 (a)m+1 �
n
2

(ay)n (a)m

�
1
2

(ay)n+1 (a)m+1 �
m
2

(ay)n (a)m
�

= �
�
2

(n + m)
�

(ay)n (a)m
�

_A nm = �
�
2

(n + m) A nm

We �nd that (A nm ) t = (A nm )0 e� �
2 (n+ m)t by integration.
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b) A normal-ordered operator : f (ay; a) : can be written as

: f (ay; a) : =
X

n

X

m

cnm (ay)n (a)m =
X

n

X

m

cnm A nm

for some(possibly complex) constants cnm .

Using the relation found in part a,
�

: f (ay; a) :
�

t

=
X

n

X

m

cnm (A nm )
t

=
X

n

X

m

cnm (A nm )
0

e� �
2 (n+ m)t

=
X

n

X

m

cnm

�
(ay)n (a)m

�

0

h
e� � t

2

i n h
e� � t

2

i m

=
X

n

X

m

cnm

� �
aye� � t

2

� n �
ae� � t

2

� m �

0

�
: f (ay; a) :

�

t
=

�
: f (� ay; � a) :

�

0

where we de�ne � � e� � t
2 .

c) Consider the operator D (� ) = exp
�
� ay � � � a

�
.

Let A = � ay and let B = � � � a. Their commutator is:

[A; B ] =
h
� ay; � � � a

i

=
h
� � a; � ay

i

= j� j2
h
a; ay

i

[A; B ] = j� j2

Since [A; B ] is just a real number, it commutes with both A and B .
Then we can expand D (� ) into a normal-ordered operator:

D (� ) = eA+ B = eA eB e� 1
2 [A;B ] = e� a y

e� � � ae� 1
2 j� j2

We can replace e� a y
=

P 1
n=0

(� a y )n

n! and e� � � a =
P 1

m=0
(� � � a )m

m! to
apply the relation from part b:

D (� ) = e� 1
2 j � j2

1X

n=0

1X

m=0

(� ay)n

n!
(� � � a)m

m!
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D (� ) = e� 1
2 j � j2

1X

n=0

1X

m=0

(� )n (� � � )m

n!m!
(ay)n (a)m

(D (� ))
t

= e� 1
2 j � j2

1X

n=0

1X

m=0

(� )n (� � � )m

n!m!

�
(ay)n (a)m

�

t

= e� 1
2 j � j2

1X

n=0

1X

m=0

(� )n (� � � )m

n!m!

�
(� ay)n (� a)m

�

0

= e� 1
2 j � j2

1X

n=0

1X

m=0

(� � )n

n!
(� � � � )m

m!

�
(ay)n (a)m

�

0

= e� 1
2 j � j2

�
e� � ay

e� � � � a
�

0

= e� 1
2 j � j2

�
e

1
2 j � � j2 D (� � )

�

0

(D (� ))
t

= e� 1
2 j � j2 (1� � 2 ) (D (� � ))

0

d) The quantum characteristic function of the vacuum state is given by
the expectation value of the operator D (� ).

� (� ) = tr (D (� )� )

= tr (D (� )j0ih0j)

=
X

n

hnjD (� )j0ih0jni

� (� ) = h0jD (� )j0i

Sinceaj0i = 0 = h0jay, this expectation value becomes:

� (� ) = h0je� a y
e� � � ae� 1

2 j � j2 j0i = e� 1
2 j � j2

e) Combining parts c and d we have:

� (�; t) = h0j (D (� ))
t
j0i

= h0je� 1
2 j � j2(1� � 2 ) (D (� � ))

0
j0i

� (�; t) = e� 1
2 j � j2(1� � 2 ) � (� �; 0)

It is true that if we plug in for � (� �; 0), we �nd that � (�; t) =
e� 1

2 j � j2 8t. However, we will want to use the relation above between
� (�; t) and � (� �; 0) in the next part.
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f ) We can represent � = x + iy for x; y 2 R. Let us de�ne Hermitian
operators q = 1p

2

�
a + ay

�
and p = 1

i
p

2

�
a � ay

�
.

D (� ) = exp
�

� ay � � � a
�

D (x + iy ) = exp
�

(x + iy ) ay � (x � iy ) a
�

= exp
�

x
�

ay � a
�

+ iy
�

ay + a
��

= exp
�

x
�

� i
p

2p
�

+ iy
� p

2q
� �

D (x + iy ) = exp
� p

2(� ix p + iy q)
�

Sincewe are interestedin expectation valuesfor q, consider� = x + iy
to be pure imaginary and in�nitesimal.

D (i� ) = exp
� p

2(i� q)
�

=
�
I + i�

p
2q +

1
2

�
i�

p
2q

� 2
+ :::

�

D (i� ) =
h
I + i�

p
2q � � 2q2 + :::

i

In the following, all expectation valuesare for the vacuum state. We
canexpand� (�; t) up to quadratic order in � aswedid above for D (� ).

� (i�; t) = hD (i� )i t

= hI + i�
p

2q � � 2q2 + :::i t

� (i�; t) = 1 + i�
p

2hqi t � � 2hq2i t + :::

We can apply the result of part e to �nd an alternative expansion.

� (i�; t) = e� 1
2 ji� j2(1� � 2 ) � (i�� ; 0)

= e� 1
2 � 2(1� � 2 )hD (i�� )i 0

=
�
1 �

1
2

� 2 �
1 � � 2�

+ :::
�

hI + i��
p

2q � � 2� 2q2 + :::i 0

=
�
1 �

1
2

� 2 �
1 � � 2�

� h
1 + i��

p
2hqi 0 � � 2� 2hq2i 0 + :::

i

� (i�; t) = 1 �
1
2

� 2 �
1 � � 2�

+ i��
p

2hqi 0 � � 2� 2hq2i 0 + :::
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Now we can match up the linear and quadratic order terms from both
expressions:

i�
p

2hqi t = i��
p

2hqi 0

hqi t = � hqi 0

� � 2hq2i t = �
1
2

� 2 �
1 � � 2�

� � 2� 2hq2i 0

hq2i t = � 2hq2i 0 +
1
2

�
1 � � 2�

Lastly, we can calculate how the varianceh� q2i = hq2i � hqi 2 evolves.

h� q2i t = hq2i t � hqi 2
t

=
�

� 2hq2i 0 +
1
2

�
1 � � 2�

�
� (� hqi 0 )2

= � 2hq2i 0 +
1
2

�
1 � � 2�

� � 2hqi 2
0

h� q2i t = � 2h� q2i 0 +
1
2

�
1 � � 2�

The mean position hqi t = e� � t
2 hqi 0 decays exponentially to zero, and

the varianceof the position h� q2i t = e� � th� q2i 0 + 1
2

�
1 � e� � t

�
decays

exponentially (twice as fast) to the vacuum 
uctuation of 1
2 . This

describes the motion of a harmonic oscillator which is being damped
toward its ground state.

g) Let U =
�

c11 c12
c21 c22

�
with cij 2 C.

UyU =
�

c�
11 c�

21
c�

12 c�
22

� �
c11 c12
c21 c22

�

UyU =
�

jc11j2 + jc21j2 c�
11c12 + c�

21c22
c�

12c11 + c�
22c21 jc12j2 + jc22j2

�

If U is unitary, then UyU = I . Note in particular that this implies
that jc11j2 + jc21j2 = 1, so jc11j2 � 1.
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Let unitary U act on annihilation operators a1 and a2 describing two
oscillator modes. This is a mapping in the Heisenberg picture:

�
a1

a2

�
!

�
a0

1
a0

2

�
= U

�
a1

a2

�
=

�
c11a1 + c12a2
c21a1 + c22a2

�

Supposethat U describes the action of a beam splitter on these two
oscillator modes. The input states are given as an arbitrary state j i
for port 1, and the vacuum state j0i for port 2. We can look at the
expectation value of any normal-orderedoperator F = : f (a0

1
y; a0

1) :
of the output state for port 10:

hF i = 2 h0j 1 h j : f (a0
1

y; a0
1) : j i 1 j0i 2

= 2 h0j 1 h j
X

n;m

f nm (a0
1

y)n (a0
1)m j i 1 j0i 2

= 2 h0j 1 h j
X

n;m

f nm (c�
11a1

y + c�
12a2

y)n (c11a1 + c12a2)m j i 1 j0i 2

= 2 h0j 1 h j
X

n;m

f nm (c�
11a1

y)n (c11a1)m j i 1 j0i 2

hF i = 2 h0j 1 h j : f (c�
11a0

1
y; c11a0

1) : j i 1 j0i 2

In the secondto last step, we usedthe fact that h0ja y = 0 = aj0i and
[a1; a2] = 0 = [a1

y; a2
y] .

From before, we know that jc11j � 1, so we could expressc11 = � ei' ,
and the resulting expressionfor hF i looks just like what we found in
part b, up to a possiblephaseei' . The output state of port 10 for this
beam splitter is a damped version of what entered port 1.
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