Ph 219/CS 219

Problem Set 3 Solutions

Prepared by Jim Harrington (jimh@its.caltec h.edu)

3.1 Whic h state did Alice make?

Alice preparesat random one of two possible states (equiprobably),
eitherj i = cos j0i +sin jli orj~i = sin jOi + cos jli. In part d of
Exercise2.1, we found that the optimal POVM to distinguish between
these states consistedof the projectors jOih0j and jlihlj.

Let M g =] oih0j and M 1 = j 1ihlj with arbitrary normalized vectors
j ol andj 1i. Theseare measuremeh operators for implemerting the
optimal POVM to distinguish which state Alice prepared:

M oYM o = jOih o] oihQj = jOIO;
M M 1 = jlih 4] 1ihdj = jlihd]

If Eve performs this measuremenh beforeit reaces Bob, then he re-
ceives one of the states
X
0= M;j ih jM Y= cog j gih oj + sin® | 1ih 4
i
L= M;jtih M Y = sin® j oih oj+ cos | iih 4]

depending on whether Alice sert j i orj .

Eve wants to minimize the \disturbance" D = 1 %(F + F) to maxi-
mize the average delit y of the state received by Bob.

a) We can calculate these delities:

hij§i
cos hj oih oj i+ sin

F

2

hj1ih qf i



F = cos hygj ih j oi +sin> hqj ih j qi

F = hjYi
= sii® h7j gih oj7i + cod h7j qih 4j 7
F = sin> hojTh oi + cod h1jTih7T ii

Then we can add thesetogether:

F+F = cof hgj ihjoi+sin? haj ih j 1i+
sinzhh 0j h7j oi + cog h 4j Jh g
= hygj cod jih j+sin® jThT j of +
h i
h4j sin? j ih j+cod jTih j ai
F+F = hgjAj oi + h 1jBh 4j
where
B cog sin  cos
A = cos sin cos sin? "
S sin? sin cos
sin .
sin  cos cog
(1 sin? )cog (1 sin® )sin cos
(1 sin® )sin cos sin? cog
(1L co )sin®> sin® cos
sin® cos sin> cog
A= 1 2sin? cog sin cos
- sin cos 2sin? cog
B = sin? cos sin cos |
- sin  cos sin?
o sin? sin  cos
sin cos cos
B sin> cog (1 cos )sin cos
= : 5 +
(1 cod )sin cos (1 cog )sin
sin? cog sin cos
sin cos (1 cosg )cos
B 2sin’>  cog sin  cos
- sin cos 1 2sin? cog



b) Note that AY = A and BY = B are Hermetian operators, so they
can be diagonalized. In part d of Exercise 2.3, we found that the
eigervaluesof a2 2 matrix M can be expressedn terms of its trace

and determinant;
1 q
f ig= > tr M (trM)2 4detM

Also note that tr A = tr B = 1 and detA = detB, sothey have the
same(real) eigervalues.

Let f jg and fjajig be the eigervaluesand eigervectors of A. As long
as A is nonsingular (i.e., detA 6 0), then we can expandj gi =
Cojagi + cjjaii in this eigerbasis. We can then calculate:

X
Cohaoj + ¢1hayj jail ihaij coheoj + cihgj
i=0

h ojAj o

h ojAj ol oicoi?+ ajcij?

This is just a weighted sum of the eigervalues of A. Without loss
of generality, we can assumethat ¢ 1. Then we maximize the
expressionh ojAj oi by choosingj i sud that jcpj = 1 and j¢j = 0.
The maximal value of h ¢jAj oi is simply the max eigervalue of A.

Similarly, the optimal choicefor j 1i will setthe expressionh 1jBj 1i
equalto the max eigervalue of B (which is the max eigervalue of A).

From above, max = %(1 + P 1 4detA). The minimal disturbance

that can be attained is:

1 L L
Dmn = 1 E(opth olA] olopt + opth 1JB] 1iopt)
=1 E( max ¥ max)
= 1 max
We can rewrite A in terms of , givencos = sin(2 ):
A= 1 $sin?(2 ) 1%sin(Z ) _ 1 3co¢  3cos
- $sin(2 ) ssin®(2 ) 3 cos 3 cog
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Then detA = i(J% cod zcodt ) (3cog )= Z(cos cod ), so
Dmin = 3(1 1 co? + cod ).

c) We can plot D min (X) = %(1 P 1 x+ x2) with x = cog .
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When cos = 1, the initial states] i and j~i are indistinguishable,
so regardlessof whether Eve measuresor not, Bob can't extract any
information about which state Alice prepared. This meansthat Bob
can't detect Eve's interference,sothere's no measureabledisturbance.

When cos = 0, the initial states are orthogonal, so Eve can per-
form the optimal POVM in the basisfj 0i;jlig and learn about Alice's
preparation without disturbing the state. If shepassest alongto Bob,
there is no measureabledisturbance in this case. This is precisely the
di cult y of using classical(orthogonal) states for securecommunica-
tion { how do Alice and Bob know if there was an eavesdropper?

The largest value for D, is achieved for x = % which corresponds

to = cos!? 191—é = This is the usual choice of states for a

IN|

quantum key distribution stheme, such as BB84, in which Alice and



Bob want to create a shared private string of bits, while maximizing
the amourt of disturbance an eavesdropper would causeon averageto
learn the values of those bits during transmission. We'll study more
about quantum cryptography later in the course.

For this choice of preparations, we can calculate:

| O
Dmin(x) = 1 cLox X2
1 1 1
; = _ = 4+ =
D min (X 2) 1 r 1 5% 2
1 3
Dmin (X = é) =1 2
1
Dmin (X = E) :067
1 .
(Perror )optimal = 5(1 sin )
1 1
(Perror )optimal = é(l p—é)
(Perror ) optimal 1146

3.2 Master equation for the depolarizing channel

The master equation for an open quantum system can be written as
X 1

1
= i[H; ]+ L LY LY L %L

wherethe fL g are the Lindblad jump operators.
a) For the depolarizing aw@nelqe\c_ﬂng on a qubit, the Lindbald operators

arefL g=f 3 1, 3 25 3 39 The master equation becomes:

~X 1 1
iH: 1+ = y =y =y
H; 1+ 5 2 2

~ X3

iH: 1+ 3 !

NI =

1
=1 2
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The master equation now becomes
0 1
~ X
iH; 1+ =@ A -
3 =1

H @ ) -

i [H ]+%(2| 4)
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b)

I
T
!

where we de ne

Wi

Now considera Hamiltonian of the form

0 1

RS
H:'_n~:'§@ n; jA
j=1

where fi is a unit vector.

Again, we can apply the Bloch parameterization:

1 1 X
= |+P ~ =21+ P
2 2 k
k=1
The master equation can be rewritten as:
. 1
_ = iH; ] El
| 2 0 1
1 X PO 1
= Ek K = |4_@ nj JA -
2 2 2
k=1 j=1 |
1 X '
> It P
k=1
it X X
= = N Pk «l
j=1 k=1
it X X .
= N P (21
| j=1 k=1
1 X ' SIS
> Pck = 5 kNP 1 5
k=1 j=1 k=1



The linear independenceof the Pauli matrices 1; »; 3 allowsusto
read o three dierential equations(for | = 1;2;3):

X X

Ry o= jkiNjPe 1 P
j=1 k=1

Since jAjBx = (A B), isthe I-th componert of the crossproduct
of vectors A and B, then we can combine the three equations above

into a single master equation for the Bloch polarization vector P

P=1 n P P

Alice decidesto apply one of the two Hamiltonians

H=- 3; H%=0;

2

and Bob is to guesswhich Hamiltonian Alice chose.

Supposethat Bob's supply of qubits are prepared with polarization
Py = (P1(0); P2(0); P3(0)) = (1;0;0). We can apply the form of the
master equation found in part b to determine how the qubits ewlve
under the Hamiltonian H , which is described by unit vector A =
(0;0;1). Note that we cantreat H ®asa special caseof H with ! set
to zero.

P = 1| n P =4
RPi;Ro;Rs = 1 [(0;0;1)  (Py;P2;P3)] (P1; P2; P3)
= 1 ( P2;P1;0) (P1;P2; P3)
Pi;PosRPs = (P2 P! Pr Py Pa)

The last componert givesus:

Ps =  P3 =) Ps(t) = e 'P3(0) = 0

If the initial polarization had a third component, it would decay expo-
nertially (under either choice of Hamiltonian by Alice), but for Bob's
preparation, the third componert is xed at zero.
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The rst two componerts of the dierential equation above can be
combined as:

Ry _ P, !P,
Ra Po+ 1 Py

Ra  _ ! P1
Py a ! P>

We can nd the eigervectors and eigervalues of this matrix:
= o = [ +i']

! 1 il o
! A AT T S I

This leadsto the following two relations:

Pl(t) + IPZ(t) = € [l (Pl(O) + IPZ(O)) = e [ W]t

Pit) iPo(t) = e [* MIH(Py(0) iPy(0)) = e+
Adding and subtracting thesetwo equationsyields:

Pit) = e tdtrelt =) Pyt) = e ‘coslt)

2Pp(t) = e 't et =) Pat) = e 'sin(ly

Then the polarization vectorsunder H and H ©(setting ! to zero)are:

P(t)
Pqt)

(e ‘coq!t); e 'sin(lt); 0)
(e %0 0

d) Bob wants to perform an optimal measuremeh to distinguish between
density operators
1 h [ 1h [

®=351+P® W= 1+P)

which are assumedto be equiprobable.



In Exercise2.1, we worked out that the optimal POVM for distinguish-
ing between and ©consistsof two nonnegative Hermitian operators
E,iandE, =1 E1, whereE 1 projects onto the (normalized) eigen-
vectors of %( 9 with assaiated negative eigernvalues.

We can calculate:

0

h [

1 1
0 _—
= Z | +P(t Z ]+ Pt
5 (t) 5 t)
_ 1 1+P3 Pi+iP; 1 1+P§ PP+IiPJ
T 2 P P, 1 P 2 PP PP 1 PJ
_ 1 0 e td't 1 0 e t
T 2 e telt 0 2 et 0
0 1 0 et 1
= _e i
2 el't 1 0

The eigervalues of %( () qt)) are given by:

2 1% it t
0 = 21e e 1 e” 1
— 2 %6e2t2 el't el't
1
0 = 2 ée“(l coq! t))
1 p_—
= P3e Y1 cos(t)
= }e sin 't
2 2

With a little work, we can nd the eigervectorsof 3( (t)  qt)) as:
jei =

jei =

SN

The optimal POVM at time t consistsof projectors onto this eigerba-
sis. Bob then distinguishesbetweenH and H °basedon whether the
result of his measuremen is positive or negative.
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e)

We can also calculate the optimal error probability from the formula
in Exercise2.1:

X

1 1 ) It
(Pe)op: (1) = 5t =5 38 Y sin )
neg

Bob wants to determine the best time to perform this measuremeh
The decoherencepiece of the master equation causesthe exponertial
decy in the secondterm of (pe),,, (t) above. To minimize the probabil-
ity of error, Bob should measureas quickly aspossible,while allowing
enough time for the qubit to precessunder the Hamiltonian H , if
present. This suggeststhat he should measureno later than t = -,
which is the time when the sinusoidal piecereadesits rst peak. We
can then drop the absolute value on the sin term to nd tpegt.

_d
0 = (P (1)

o d1 CIt
0 = di 2 1 e ‘'sin >
- e tsin 2 Le teos Lt
2 2 2
B N R It
= e sin — 5008 —
It It !
0 = e 'cos =—— tan — —
2 2 2

We nd that the minimum of (pe),,, (t) is achieved when:

! thest !
0 = tan —
2
t = Zant .
best = an IR
For ! , the rate of precessionis much faster than the rate of
decoherence.We expect that Bob should be able to wait until t
for the optimal measuremen Indeed, tpest (!3)(5) = r, because
tan }(x)! 5asx! 1.
For I, the decoherencedominates the measuremeh strategy.

Sincetan(x) x for small x, it follows that tan (x) x for small x.
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Then tpest  (2)(3-) = . In this case,the besttime for measuringis

when the amplitude of the qubit's polarization vector has shrunk by
1

a factor of about 3 . Note that tpest 6 O (in fact, the measuremen

would be pointlessat t = 0).

3.3 Amplitude damping in the Heisenberg picture

In the Heiserberg picture, statesare xed and obsenablesewlve over
time. The dual master equation for an obersenable A is given by

. X 1 1
A= i[H:A]+ L YAL 5t YL A AL L

wherethe L are Lindblgd jump operators. In this problem, there is
only onejump operatora . The annihilation and creation operators
obey the commutation relation a;a¥Y = 1, which we can also write
asaa¥Y= 1+ a’a.

Let Aym = (@¥)"(a)™ for nonnegative integersm and n. With the free
Hamiltonian H setto zero,we can nd the ewlution of the operator
Anm asgiven by the master equation.

X 1 1
Am = L YAnnL EL YL Apm EAnmL YL
p— p— 1 P—p— 1 pP— p—
= a¥ Amma an a Anmm EA ma’l a
1 1
= aYA,na =a’aApm =Amma’a
2 2
— n m 1 n m l n m
Am = @) @7 saa@)@" @) "@"a%a

For this expressionto be normal-ordered (that is, having all the a¥'s
to the left of all of the a's in ead term), then we needto comnute an
annihilation operator through n creation operators, and commute a
creation operator through m annihilation operators. Let us rst prove
the following two lemmashby induction.

n n n 1
a a¥ = a¥ a+n a¥

(a)™ aY

a¥@m+m(a™m !
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Note that the lemmasreduceto the commutation relation of a and a¥
for n = 1 and m = 1, which establishesour basecase. Next, suppose
that they hold for somepositive integersj and k.

J . j
a a¥ = a¥ a+j a¥
y 1oy vy oy v Ty
aa a = a aa¥+j a a
j+1 ih b
a a¥ = a¥ 1+aYa +j a¥

i i . i
= a¥ + a¥ aa+j a¥

aayj+1 = ayj+la+(j+1) ayj
(@¥a¥ = a¥(@)"+k(a)k?

a(a)fa’y = ﬁay(a)krf ka (a)k 1

@ taY = 1+ a¥a (a)f+ k(a)X

@ta’ = a¥(a)"!+ (k+ 1) ()"

Given that the lemmashold for j and k, they alsohold for j + 1 and
k + 1, soby induction they hold for all positive integers. We can now
apply them to simplify our di erential equation:

Am = @@)@" Za%a@)"@" @)@ a%
= a¥(a)"(a)Ma %ay a’ "a+n al ' (a)™
1 h i
Y@ @+ m@" *a
= @M@ @)™ @™ 2@ @"
1 n+1 m+1 m n m
S@yt@™ D@ (@)
= Sem) @) @"
Amm = E(n"'m)Anm

We nd that (Apm), = (Amm), € zZ("™t by integration.
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b) A normal-ordered operator : f (a¥;a) : can be written as
X X X X
f(@ha): = cm (@%)" (@)™ = Com A nm

n m n m
for some(possibly complex) constarts ¢y, .
Using the relation found in part a,

X X
f(a¥;a): = Chm (A nm)l
t
X X
= Chm (Anm)0 e z(Mrmt
X X h i,h i
= cm (@)@ ez ez
0
X X - Com
= cm aYe 2 ae 2
n m 0
f@%a): = :f(a¥; a):
t 0
where we de ne e 7.
c) Considerthe operatorD( )= exp aY a.
Let A= aYandletB = a. 1;1heir commutator is:
i
[A;B] = aY: a
h i
= a; a¥
h i
= jj* aa
[ABl = |

Since[A; B] is just a real number, it commutes with both A and B.
Then we can expand D ( ) into a normal-ordered operator:

lra- 1; ;2
D() = "B = efefe 2IABl = ¢ @ g 3l
P n P m
av _FT1 (ay a-"1 ( @&
We can replacee = L0 ande = m=0 mr 0

apply the relation from part b:

() = et X AN A
=0 m=0 n! m!
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_ 1; '2)4 X ( )n( )m n m
D() = e?2/! o W(ay) (@)
_ % i2 ( )n( )m n m
(D(), = e I L m:oW (@)"(a) 1
_ % 2 ()"( ) n m
=ert o (AT
LR Ry m
- e 50 ( n|) ( m|) (ay)n(a)m
n=0 m=0 ’ ’ 0
= eil® g Ve 2
= e 5i i e%i sz( )
(D(), = e @@ 2D( ),

d) The quantum characteristic function of the vacuum state is given by
the expectation value of the operator D ( ).

() = tr(D())

=0 (D ( )j0ihay)

= jD ( )joihojni
() = Hmb( )joi

Sinceaj0i = 0= hojaY, this expectation value becomes:
()= tje®e @i ljoi = el

e) Combining parts ¢ and d we have:

(; ) = Hi(D()),]o
= toje I 1" (D ( ), jo
(;t) = e @ M (0

It is true that if we plug in for ( ; 0), we nd that (;1t) =
e 3 17 8t. However, we will want to usethe relation above between
(; yand ( ; 0)in the next part.
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f) Wecanrepresem = x+ iy for x;y 2 R. Let us de ne Hermitian

operators g = pl—é a+a’ andp= ﬁgl_i a a¥.

D() = exp a¥ a
D(x+iy) = exp (x+iy)a¥Y (x iy)a
= exp x &a¥ a +iy a¥+a
= exp X ipép +iy 29
D(x+iy) = exp | 2( ixp+iya)

Sincewe are interestedin expectation valuesfor g, consider = x+ iy
to be pure imaginary and in nitesimal.

D(i) = exp | 2(i o)
_ —_ 2
= I+ip2q+% ip2q +
h p_ i
DG) = 1 +i 29 29>+ ::

In the following, all expectation valuesare for the vacuum state. We

canexpand (; t) upto quadratic orderin aswedid abovefor D ( ).
(i;t) = MD@)i

H+i 29 2%+ :i,

1+i  2mi, 2hgdi, +

—~

—

~
I

We can apply the result of part eto nd an alternative expansion.

3P 3 (i :0)

(i; 1) e
= e @ DG )i,

1 . P :
= 1 521 24+ H+i 29 22%g%+ i
1, R P !
= 1 > 1 1+ 2hi, hg<i, +
1 N )
;1) = 1 521 2+ 2mi, 2°%m%i,+
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Now we can match up the linear and quadratic order terms from both
expressions:

ipémit = 'Oéhqi0
hoi, = Hoi,
2}y 2i — 12 2 2 242
mlt - é 1 mlo
|,.qz|t — 2|,.q2i0+% 1 2

Lastly, we can calculate how the varianceh g% = hg%i  hgi2 ewlves.

h g%, = Mo, i

o1 :
= fig+ 51 2 (i)’
— 2|,.q2io+ % 1 2 Zmlg

h g%, = *2h q2i0+% 1 2

The mean position hgi, = e ?lhqi0 decays exponertially to zero, and
the varianceof the positionh g2, = e 'h g%,+3 1 e ' decys
exponertially (twice as fast) to the vacuum uctuation of % This
describesthe motion of a harmonic oscillator which is being damped

toward its ground state.

g) LetU = 1 @2 with ¢ 2 C.

1 G2 !
wu = Cii & Ci1 Cpo
Ci2 C C1 C
Uy = jCli®+ jcyi® €111+ €10

C1oCip + CpCoy  jCiof® + [Copf?

If U is unitary, then UYU = |. Note in particular that this implies
that jeqj% + jopj? = 1,s0jcj? 1.
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Let unitary U act on annihilation operators a; and a, describing two
oscillator modes. This is a mapping in the Heiserberg picture:

ap , aj _ oy A - Cndgt Cpa
a,  aj az Ca1 + Cpas

Supposethat U describesthe action of a beam splitter on these two
oscillator modes. The input states are given as an arbitrary statej i
for port 1, and the vacuum state jOi for port 2. We can look at the
expectation value of any normal-orderedoperator F = :f(a$;a?):
of the output state for port 1%

i = ,h0j.hj f(afad):j i,
= ,0j,hj fam@M"@H™M] i, joi,
51<'m
= ,h0j,hj fam(Craas” + cp8%)"(cppay + cpap)™j iy jOi,
m
= ,h0j,hj  fam(cpa?)"(cya)™j i, joi,
n,;m
Fi = ,h0j,hj:f(calicald):j i, joi,

In the secondto last step, we usedthe fact that ja¥ = 0= aj0i and
[a;;a5] = 0= [a;%;a,)].

From before, we know that jc;;j 1, sowe could expressc,; = €,
and the resulting expressionfor H-i looks just like what we found in
part b, up to a possiblephasee’ . The output state of port 1°for this
beam splitter is a damped version of what erntered port 1.
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